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ABSTRACT

E b b e l e r ,  J r . ,  Donald Herman. P h .D . ,  P u rd u e  U n i v e r s i t y ,
A u g u s t ,  1970. An I n v e s t i g a t i o n  o f  t h e  P r o p e r t i e s  o f  t h e  
E x a c t  F i n i t e  Sample D i s t r i b u t i o n s  o f  GCL S t a t i s t i c s  
A s s o c ia t e d  w i th  t h e  S t r u c t u r a l  R e p r e s e n t a t i o n  o f  an 
E c o n o m e tr ic  M odel. M ajor  P r o f e s s o r :  R o b e r t  L . Basmann.

T h is  d i s s e r t a t i o n  i s  a s tu d y  o f  t h e  p r o p e r t i e s  o f  t h e  d i s t r i ­

b u t i o n  f u n c t i o n s  o f  th e  GCL i d e n t i f i a b i l i t y  t e s t  s t a t i s t i c ,  

endogenous v a r i a b l e  s t r u c t u r a l  c o e f f i c i e n t  e s t i m a t o r ,  and s t r u c t u r a l  

v a r i a n c e  e s t i m a t o r s  f o r  an e c o n o m e tr ic  model w i th  two endogenous 

v a r i a b l e s  i n c lu d e d  in  t h e  e q u a t i o n  o f  i n t e r e s t .

C h a p te r  1 c o n t a i n s  a  s h o r t  p r e s e n t a t i o n  o f  t h e  s im u l ta n e o u s  

e q u a t i o n s  r e p r e s e n t a t i o n  o f  t h e  e c o n o m e t r i c  model and some s t a n d a r d ­

i z i n g  t r a n s f o r m a t i o n s  w hich  s i m p l i f y  t h e  e x p r e s s i o n s  f o r  t h e  d i s t r i ­

b u t io n  f u n c t i o n s  o f  t h e  GCL s t a t i s t i c s  i n v e s t i g a t e d .

C h a p te r  2 c o n t a i n s  a d e r i v a t i o n  o f  an a p p ro x im a t io n  t o  t h e  

d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  GCL endogenous v a r i a b l e  s t r u c t u r a l  

c o e f f i c i e n t  e s t i m a t o r  and some t a b u l a t i o n s  o f  t h e  a p p ro x im a t in g  

d i s t r i b u t i o n  f u n c t i o n .

C h a p te r  3 c o n ta i n s  a  d e m o n s t r a t io n  t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  

o f  t h e  GCL i d e n t i f i a b i l i t y  t e s t  s t a t i s t i c  has  a c o r r e s p o n d in g  ( c e n t r a l )  

F a s y m p to t i c  d i s t r i b u t i o n  f u n c t i o n .  The method o f  moments i s  u sed  

t o  d e te r m in e  p a ra m e te r s  o f  t h e  ( c e n t r a l )  F d i s t r i b u t i o n  u s e d  to  

a p p ro x im a te  th e  e x a c t  d i s t r i b u t i o n  f u n c t i o n  and some t a b u l a t i o n s  o f  

t h e  a p p ro x im a t in g  d i s t r i b u t i o n  f u n c t i o n  a r e  p r e s e n t e d .
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C h a p te r  4 c o n ta i n s  a d e m o n s t r a t io n  t h a t  t h e  d i s t r i b u t i o n

f u n c t i o n s  o f  t h e  t h r e e  GCL s t r u c t u r a l  v a r i a n c e  e s t i m a t o r s  have

2
c o r r e s p o n d in g  ( c e n t r a l )  x  a s y m p to t ic  d i s t r i b u t i o n  f u n c t i o n s .

C h a p te r  5 c o n ta i n s  a d e r i v a t i o n  o f  a p p ro x im a t io n s  o f  t h e  d i s ­

t r i b u t i o n  f u n c t i o n s  o f  t h e  t h r e e  GCL s t r u c t u r a l  v a r i a n c e  e s t i m a t o r s .  

The u se  o f  t h e  m ethod o f  moments t o  d e te rm in e  a gamma d i s t r i b u t i o n  

w hich can  be u sed  t o  a p p ro x im a te  an e x a c t  d i s t r i b u t i o n  f u n c t i o n  i s  

a l s o  d i s c u s s e d .

C h a p te r  6 c o n ta i n s  some t a b u l a t i o n s  o f  t h e  d i s t r i b u t i o n  f u n c ­

t i o n s  o f  t h e  t h r e e  GCL s t r u c t u r a l  v a r i a n c e  e s t i m a t o r s .

The ap p e n d ix  c o n ta i n s  d e f i n i t i o n s  and theo rem s from s p e c i a l  

f u n c t i o n  t h e o r y  w hich a r e  o f  v a l u e  in  th e  d e m o n s t r a t io n s  p r e s e n t e d  

in  t h i s  d i s s e r t a t i o n .
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INTRODUCTION

One c l a s s  o f  e x p l a n a t o r y  e c o n o m e tr i c  m odels  i s  t h e  s im u l ta n e o u s  

e q u a t i o n s  m o d e l .  To t e s t  su ch  a  model i t  i s  n e c e s s a r y  t o  compute 

c o n f id e n c e  i n t e r v a l s  f o r  t h e  v a r i o u s  e s t i m a t o r s  and t e s t  s t a t i s t i c s  

a s s o c i a t e d  w i t h  t h e  m o d e l .  F o r  t h e  Two S ta g e  L e a s t  S q u a re s  v a r i a n t  

o f  t h e  G e n e r a l i z e d  C l a s s i c a l  L i n e a r  (GCL) L e a s t  V a r ia n c e  D i f f e r e n c e  

p r i n c i p l e  o f  e s t i m a t i o n  Basmann and R ic h a rd s o n  have  d e r i v e d  t h e  e x a c t  

f i n i t e  sam ple  d i s t r i b u t i o n  f u n c t i o n s  f o r  s e v e r a l  o f  t h e  e s t i m a t o r s  

and t e s t  s t a t i s t i c s  a s s o c i a t e d  w i t h  a  s im u l ta n e o u s  e q u a t i o n s  e c o n o ­

m e t r i c  model f o r  w hich t h e  e q u a t i o n  o f  i n t e r e s t  c o n t a i n s  two endoge ­

nous v a r i a b l e s .

I n  e a ch  e x a c t  f i n i t e  sam ple  d i s t r i b u t i o n  f u n c t i o n  t h e r e  a p p e a r s  

—2
t h e  p a ra m e te r  p, , c a l l e d  t h e  c o n c e n t r a t i o n  p a r a m e t e r , w hich  i s  a 

q u a d r a t i c  form  c o n t a i n i n g  th e  exogenous v a r i a b l e  sam ple  o b s e r v a t i o n s  

and t h e  s t r u c t u r a l  p a r a m e t e r s .  The name ' c o n c e n t r a t i o n  p a r a m e t e r 1 

d e r i v e s  from t h e  f a c t  t h a t  t h e  GCL e s t i m a t o r  o f  e a ch  s t r u c t u r a l  p a r a ­

m e te r  o f  t h e  e q u a t i o n  o f  i n t e r e s t  c o n v e rg e s  i n  p r o b a b i l i t y  t o  t h e

-2
c o r r e s p o n d in g  p o p u l a t i o n  s t r u c t u r a l  p a ra m e te r  a s  p, -» “ , sam ple  s i z e  

b e in g  f i x e d  (Basmann and R ic h a r d s o n ,  1969a, p .  2 ) .

I n  t h e  d i s s e r t a t i o n  we i n v e s t i g a t e  p r o p e r t i e s  o f  t h e  e x a c t  

f i n i t e  sam ple  d i s t r i b u t i o n  f u n c t i o n s  o f  t h e  GCL i d e n t i f i a b i l i t y  t e s t  

s t a t i s t i c ,  GCL endogenous v a r i a b l e  s t r u c t u r a l  c o e f f i c i e n t  e s t i m a t o r ,



www.manaraa.com

2

and t h e  t h r e e  GCL s t r u c t u r a l  v a r i a n c e  e s t i m a t o r s  f o r  p u rp o se  o f

d e te r m in in g  e x p r e s s io n s  o r  a p p ro x im a t io n s  f o r  t h e  e x a c t  d i s t r i b u t i o n  

-2
f u n c t i o n s  when p, -♦ ®. We a l s o  t a b u l a t e  some o f  th e  e x a c t  d i s t r i ­

b u t i o n  f u n c t i o n s ,  i n v e s t i g a t e  m ethods o f  t h e i r  a p p r o x im a t io n ,  and 

f o r  t h e  t h r e e  GCL s t r u c t u r a l  v a r i a n c e  e s t i m a t o r s  we d e v e lo p  a lg o r i th m s  

u n d e r  w hich we may s p e c i f y  r e g i o n s  o f  t h e  p a ra m e te r  s p a c e  a s s o c i a t e d  

w i th  a  p a r t i c u l a r  e x a c t  d i s t r i b u t i o n  f u n c t i o n  in  w hich  t h e  e x a c t  d i s ­

t r i b u t i o n  f u n c t i o n  i s  a c c e p t a b l y  a p p ro x im a te d  by i t s  c o r r e s p o n d in g  

a s y m p to t i c  d i s t r i b u t i o n  f u n c t i o n .

I n  C h a p te r  1 we p r e s e n t  t h e  m odel and some s i m p l i f y i n g  s t a n d a r d ­

i z i n g  t r a n s f o r m a t i o n s  i n t r o d u c e d  by Basmann. In  C h a p te r  2 we d e r i v e  

an a p p ro x im a t io n  to  t h e  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  GCL endogenous 

v a r i a b l e  s t r u c t u r a l  c o e f f i c i e n t  e s t i m a t o r  by a m ethod i n v e s t i g a t e d  

by Basmann (Basmann, 1963b, p p .  2 -3 )  and we p r e s e n t  some t a b u l a t i o n s  

o f  t h e  a p p ro x im a t in g  d i s t r i b u t i o n  f u n c t i o n .  I n  C h a p te r  3 we demon­

s t r a t e  t h a t  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  th e  GCL i d e n t i f i a b i l i t y  t e s t  

s t a t i s t i c  h a s  a  c o r r e s p o n d in g  ( c e n t r a l )  F a s y m p to t i c  d i s t r i b u t i o n  

f u n c t i o n  and we t a b u l a t e  an a p p ro x im a t io n  t o  t h e  e x a c t  d i s t r i b u t i o n  

f u n c t i o n  by t h e  method o f  m oments. I n  C h a p te r s  4 ,  5 ,  and 6 we i n ­

v e s t i g a t e  t h e  e x a c t  f i n i t e  sam ple  d i s t r i b u t i o n  f u n c t i o n s  o f  t h e  t h r e e

GCL s t r u c t u r a l  v a r i a n c e  e s t i m a t o r s ;  in  C h a p te r  4 we d e m o n s t r a te  t h a t
2

t h e  c o r r e s p o n d in g  a s y m p to t i c  d i s t r i b u t i o n  f u n c t i o n s  a r e  ( c e n t r a l )  x  > 

i n  C h a p te r  5 we d e r i v e  e x p r e s s i o n s  f o r  a p p ro x im a t io n s  t o  t h e  e x a c t  

d i s t r i b u t i o n  f u n c t i o n s  and d i s c u s s  t h e  u se  o f  t h e  m ethod o f  moments 

t o  a p p ro x im a te  t h e  e x a c t  d i s t r i b u t i o n  f u n c t i o n s ;  i n  C h a p te r  6 we
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p r e s e n t  t a b u l a t i o n s  o f  t h e  e x a c t  d i s t r i b u t i o n  f u n c t i o n s  and t h e  

v a r i o u s  a p p r o x im a t io n s .  I n  t h e  a p p e n d ix  we p r e s e n t  d e f i n i t i o n s  and 

theo rem s from  s p e c i a l  f u n c t i o n  t h e o r y  w hich  p ro v e d  u s e f u l  i n  t h e  

d i s s e r t a t i o n .  Some o r i g i n a l  theo rem s in v o lv i n g  h i g h e r  o r d e r  co n ­

f l u e n t  h y p e rg e o m e t r ic  s e r i e s  w hich  w ere  u s e d  i n  C h a p te r s  3 and 4 a r e  

in c l u d e d  i n  th e  a p p e n d ix .
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CHAPTER 1 

AN ECONOMETRIC MODEL

1 .1  The S im u l ta n e o u s  E q u a t io n s  Model

L e t

K1

( l . l . l )  -  y t l  +  ^ y t 2  +  £  y . z t . +

j = l
e t l  = °

be t h e  f i r s t  s t r u c t u r a l  e q u a t i o n  from t h e  s e t  o f  nondynamic s t o c h a s t i c  

s im u l ta n e o u s  e q u a t i o n s

( 1 . 1 . 2 )  B*y ' +  T ' z '  +  e '  = 0 t  = 1 , 2 ,  . . . ,  N
t  • t  • t  *

w here  B i s  a  r e a l  n o n s i r .g u la r  m a t r i x  w i th  d im e n s io n s  G x G, G ?  2

and F i s  a r e a l  m a t r ix  w i th  d im e n s io n s  K x G ,  N > K i= K +  1 .  y 1
1 t  •

and z '  a r e  c o n fo rm a b le  v e c t o r s  o f  G endogenous and K exogenous 
t .

v a r i a b l e s ,  r e s p e c t i v e l y .  The G -d im e n s io n a l  v e c t o r s  e a r e  assumed
t-.

t o  be  i n d e p e n d e n t l y  d i s t r i b u t e d  a s  t h e  m u l t i v a r i a t e  norm al w i th  a 

p o s i t i v e  d e f i n i t e  sym m etr ic  G x G c o v a r i a n c e  m a t r ix  Q and a z e ro  

mean v e c t o r .

G 1 1 -1  ,
2 I l" 2 ” 2 e t  t( 1 . 1 .3 ) f ( e  ) = (2 t t ) I Cl| e  zL •

t  = 1 ,  2 ,  . . . ,  N
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S in c e  B i s  n o n s i n g u l a r ,  f o r  e ach  o r d e r e d  s e t  (B, F , fi) t h e r e

e x i s t s  a  u n iq u e  c o r r e s p o n d in g  o r d e r e d  s e t  ( I  , II, E) w hich  i s  s a i d
G

t o  be o b s e r v a t i o n a l l y  e q u i v a l e n t  t o  (B, T, 0) (Basmann, 1965, p p .

1083, 1087-1089) where II and E a r e  s p e c i f i e d  by

( i . i . a  a -b )  n = -  f b " 1

e = ( b ' ) " 1 n b" 1

and t h e  r e d u c e d - fo rm  model o b s e r v a t i o n a l l y  e q u i v a l e n t  t o  t h e  s t r u c t u r a l  

model s p e c i f i e d  by ( 1 . 1 . 2 )  and ( 1 . 1 . 3 )  i s  g iv e n  by

( 1 . 1 . 5 )  V l ' - V z l '  + X '  

t  = 1 , 2 ,  . . . ,  N

-  — - i  _ —  T1 e_1TL!
( 1 . 1 . 6 )  = ( 2t t ) 2 | E |  2 e 2

t  = 1 ,  2 ,  . . . ,  N 

w here i s  s p e c i f i e d  by

( 1 . 1 . 7 )  Tl^ = -  (B 1) ' 1 

L e t

( 1 . 1 . 8  a - c )  Y = [y t i ] ,  t  = 1 , . . . ,  N; i  = 1 , . . . ,  G
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Z = t  = 1 » N; k = 1 ,  . . . ,  K

Zj = t  = 1 , • • •»  N; k  = 1 , •••>

We w i l l  r e q u i r e  t h a t  e x a c t l y  one column o f  Z have  a l l  N e n t r i e s  be 

1 .  p . i s  a  G -d im e n s io n a l  v e c t o r  d e f i n e d  by• jL

( 1 . 1 . 9 )  = ( - i ,  $v  o ,  o) 

and v i s  d e f i n e d  by

( 1 .1 .1 0 )  v * K - K  - I S O  

L e t  Z^ be  d e f i n e d  by

( 1 . 1 . 1 1 )  z  = [ z 1 : z 2 l

and l e t  II be p a r t i t i o n e d  c o n fo rm a b ly .

( 1 . 1 . 1 2 )  n' = [n{ : n£]

D e s ig n a te  t h e  second  row o f  11̂  by anc* ^e t  e le m e n ts  o f  Q and 

Z  be d e f in e d  by

( 1 .1 .1 3  a - b )  0 =  [u>£.], i ,  j ,  = 1 , . . . ,  G
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E — i } j  ~ 1) • • •»  G

The c o n c e n t r a t i o n  p a ra m e te r  a s s o c i a t e d  w i th  ( 1 . 1 . 1 )  i s  d e f i n e d  by

( 1 .1 .1 4 )  H2 = 022 n'2Z Z2 [ I N " Zl (Z i Zl ) "1 ZP Z2 n22 

(Basmann, 1963a, p p .  9 6 6 -9 6 7 ;  R ic h a rd s o n ,  1968b, p .  1 2 1 9 ) .

1 .2  S t a n d a r d i z i n g  T ra n s  f o rm a t io n s  
f o r  A s s o c ia t e d  GCL S t a t i s t i c s

I n  t h e  p r o c e s s  o f  d e r i v i n g  t h e  e x a c t  f i n i t e  sam ple  d i s t r i b u t i o n

f u n c t i o n s  o f  GCL s t a t i s t i c s  a s s o c i a t e d  w i th  ( 1 . 1 . 2 )  i t  i s  c o n v e n ie n t

t o  i n t r o d u c e  s t a n d a r d i z i n g  t r a n s f o r m a t i o n s  i n  o r d e r  t o  d e c r e a s e  t h e

t h e  n o t a t i o n a l  b u rd en  (Basmann, 1963a, p .  966; R ic h a rd s o n ,  1968b,

p .  1216; S c h o e p f l e ,  1969, C h a p te r  3 ;  McDonald, 1970 , C h a p te r  1 ) .
A A

|3̂  i s  d e f i n e d  by t h e  G -d im e n s io n a l  GCL e s t i m a t o r  o f  g ^  8

A A

(1 .2 .1 )  = ( - 1 ,  P2 , 0,  . . . ,  0)

F o r  v >  0 ,  GCL e s t i m a t i o n  o f  s t r u c t u r a l  p a r a m e te r s  a d m its  t h r e e  a l t e r ­

n a t i v e  c l a s s e s  o f  e s t i m a t o r s  o f  Each c l a s s  o f  e s t i m a t o r s

c o r r e s p o n d s  t o  e x a c t l y  one o f  t h e  q u a d r a t i c  forms

( 1 . 2 . 2  a - c )  G1 ( P >1) = 8 ; x Y ' [ I n  -  Z ^ Z ’Z^ ' 1 Zj]Y p ^
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G2 ( P a ) = -  Z ( Z ' Z ) ’ 1 Z ' ] Y

Q O  j )  = G j O ^ )  -  G2 ( B >;1)

(Basmann and R ic h a rd s o n ,  1969b, p .  3 ) .  GCL e s t i m a t o r s  o f  cu^  a r e  

s p e c i f i e d  by

“ l l  = N G1 ( P . 1}

( 1 . 2 . 3  a - c )  (U1;L = ^

(Basmann and R ic h a rd s o n ,  1969b, p .  3 ) .  The v a r i a b l e  whose d i s t r i b u ­

t i o n  f u n c t i o n  i s  computed i n  e a c h  o f  ( 1 . 2 . 3  a - c )  i s  d e s ig n a t e d  by U 

and i s  r e s p e c t i v e l y  d e f i n e d  by

Nu)
U =

O)

Moo
( 1 . 2 . 4  a - c )  U = to

VU)
u = CO
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S t a n d a r d i z i n g  t r a n s f o r m a t i o n s  p r o v id e  t h e  f o l l o w in g  d e f i n i t i o n s  

o f  V2 , V3 , and V^,:

P1 = CT22 CT12 + ^ l^ ai l CT22 ” CT12  ̂ J

( 1 . 2 . 5  a - e )

1

P1 = CT22 LCT12 + V1^ct11CT22 " CT12  ̂ .

Q ( S a > a 2 2  V 2 (' a l l ° 2 2  "  CT12*

G2 ( 1> CT22 V3 (CTl l a22 ” CT12)

G1 ^ . P  CT22 V4 ^ CTl l Cr22 " a l2^

From ( 1 . 1 . 4  a - b ) , ( 1 . 2 . 3  a - c ) ,  ( 1 . 2 . 4  a - c ) ,  and ( 1 . 2 . 5  a - e )  we deduce 

t h e  f o l l o w in g  r e l a t i o n s h i p s  c o r r e s p o n d in g  t o  t h e  t h r e e  d e f i n i t i o n s  o f  

( 1 . 2 . 4  a - c ) :

u = v 4 / ( i  +  I 12) 

( 1 . 2 . 6  a - c )  u « V / ( l  +  P 2 ) 

u  = v 2 / ( i  +  I 12 )
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CHAPTER 2

THE DISTRIBUTION FUNCTION FOR THE GCL 
ENDOGENOUS VARIABLE STRUCTURAL 

COEFFICIENT ESTIMATOR

2 .1  An A p p ro x im a tio n  o f  t h e  D i s t r i b u t i o n  F u n c t io n  

R ic h a rd s o n  (1968b) h a s  d e r i v e d  t h e  e x a c t  f i n i t e  sam ple  d e n s i t y  

f u n c t i o n  c o r r e s p o n d in g ,  i n  t h e  way s p e c i f i e d  by ( 1 . 2 . 5 b ) ,  t o  t h e  GCL
A.

endogenous v a r i a b l e  s t r u c t u r a l  c o e f f i c i e n t  e s t i m a t o r

r ( * 2 )  '  f
( 2 . 1 . 1 )  h(V ) -  , . .  ~7 2\

< ? > { ¥ )  ( 1 + V l )

-  ( ¥ ) . ( * ?  
_LI ( X L )  

j=0 V 2 /

r

1 + V. 2 J

ft 2“ 2
TT / L  - .  V±1 ^  . .  3 J L \

x 1 1 ( 2  J> 2 J ’ 2 /

_ 00 <  V <° °  
1

( R ic h a r d s o n ,  1968b, p p .  1 2 1 8 -1 2 1 9 ) .
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2
We d e f i n e  \  , z ,  x ^ ,  x ,  and I

2 —2 —  2 
=  ( 0 , ( 1  +  p / )

- 2-  2
M-

z = — :—

+ 1)
( 2 . 1 .2  a - e )  x ,  = ------— - v

1 (1 +  V ) L/

M-(V1 -  Px) 
x = ------------------

( i  +  v xy /2

T ^ f -  +  m'
A (r.) -  L 2 _ _ ,

m in

2

(Basmann, 1963b, p .  2 ) .

Then from  ( 2 . 1 . 2 )  we o b t a i n

H(P,V. +  1) 
( 2 . 1 . 3  a -b )  dx = ------—- ' T T 7? dV

( i  +  v x r 7 1

2 2 2
= \  -  x

i. ( z )  by m

- 2z)



www.manaraa.com

12

From ( 2 . 1 . 1 ) ,  ( 2 . 1 . 2 ) ,  and ( 2 . 1 . 3 )  we o b t a i n

2

( 2 . 1 . 4 )  h(V x) =
-  2 + Z

o k * o '

-v f2
2

2 2. m

X  v >  ( H * - )
m=0

-  oo <  y  <00

Making u s e  o f  t h e  b in o m ia l  fo rm u la  ( H a l l  and K n ig h t ,  1950, 

p .  138) we w r i t e  ( 2 . 1 . 4 )  as

- i 2 +  *

( 2 . 1 . 5 )  h(V ) = -7777 -----------

1 1 1 1 1 + v i 2) 2

m
_  2 m_n 2 n

) A ( z )  > ml  A Q  / - a Q
“  m “  n l  (m -n )I  \2  )  \  2 J_ n . . .  (m-n)m=0 n=0

-  oo <  v i  <00

By i n t e r c h a n g i n g  t h e  o r d e r  o f  summation ( 2 . 1 . 5 )  can  be w r i t t e n  as

( 2 . 1 . 6 )  h ( V . ) = v f  2

1 i i l 1 + v i 2 ) 2
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n
00 ^ , 00 1 a / \  o m~n
V  r p “ 2 + Z V  m ' m ( \ ' \  1
Zi L Zi ( r a -n ) ! \2  J  J

n=0 m=n

2. n1 ( -  x N
n!

-  00 <  <  00

We d e f i n e  C as 
n

,0 n 7 N r  0 2 T  r  ml  A ( z )( 2 . 1 . 7 )  C = e ) mn LmA /_ _ \ 1
m=n

. . .  x2n 
(m-n) ! \ 2  J

From ( 2 . 1 . 2 ) ,  ( 2 . 1 . 7 ) ,  and ( A .13) we o b t a i n ,  by r e p l a c i n g  m

i 2 r , '2±2 , >
2 \  2 n /

t2 -1 ^  c „ = e r7vti~ ~  -r\T~ n

( ¥  *  

np=0 ( ^ T + n )n.
I

2

V2 )
m!

X 1F1 ( 2 ’ ~ 2^  +  n +  m; 2z)

b y  rrd-n

R e p la c in g  th e  c o n f l u e n t  h y p e rg e o m e t r ic  f u n c t i o n  in  ( 2 . 1 . 8 )  by i t s  

s e r i e s  e x p a n s io n  u s in g  (A .4 )  and making use  o f  (A .2) we o b t a i n
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( 2 . 1 . 9 )

R e p la c in g  

we o b t a i n

(2 . 1 . 10)

From ( 2 .1  

(2 . 1 . 11)

2 l ( x n)
+ n

“ ’  . ( f ) M
4^ ^  ml t :

m=0 t =0 \  2 n /m + t

m by m -t  i n  ( 2 . 1 . 9 )  and making u s e  o f  ( 2 . 1 . 2 )  and (A .7)

X2 r f  v f 2

c m; r  ± r n
n

m
00 f v ±2 , A

x  V  I  2  +  n /n,
/'vfX

m=0 V 2 ")/m

I
t =0

m!

( - mK. ( t \

(" 2 '  " ■ ").

i , 2

t l

1 0 ) ,  (A .4 ) ,  and ( A .12) we o b t a i n  

2
n+v r ( ^  +  n )  

'*  T F l  '  +  n )

-  x_
”* 2  —  2 C = e z (1 +  ft )
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U sin g  (A .2 )  and (A .7 ) ,  ( 2 . 1 . 1 1 )  can  be  w r i t t e n  

( 2 . 1 . 12) 0 , = .  2 ( l + 0 n+ ' '  ^

I
t=o

' v \
r  2 ~ n)

V v t 2
t  T v T  + n

f ( v  +  1 +  n ~ t )

( v f  1+n) (■—  + n -  t )  
x _̂_   SlA-2_________ ISSL

I  fvfcl  +  ^
m=0 \  2 Jin . . . . .  ( v  +  1 +  n -  t )m=0 \  2 /m m

From (A .4 )  and ( A .18) we have

2 *

«  1 , 3 ) V  (V fl+n> '» ^  +  "  '  O m  • S O

i  (¥♦■) ( \H -l+ n -t )  m*m m
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r ( ~  + n^r(v4-l+n-t) 2 / \ 2\ 2

r ( v H + n ) r ( Y  + n -  t )  ' 2

2
as  X - > o .

From ( 2 . 1 . 2 ) ,  ( 2 . 1 . 1 2 ) ,  and ( 2 .1 .1 3 )  we have 

-2  2U \  „  . ~  2. 2

-2as [i -* ®.

T hen , from  ( 2 . 1 . 6 ) ,  ( 2 . 1 . 7 ) ,  and ( 2 .1 .1 4 )  we have

V fl 2
-  -  2 . 2 x
H (1  +  P. ) ” 2

( 2 . 1 . 1 5 )  h(V x) -   i ------v g  e

-v^ T  d + v x2) 2

-  00 <  <<=0

f o r  l a r g e  jj,2 .

From ( 2 . 1 . 3 )  and ( 2 .1 .1 5 )  we have

( 2 .1 .1 6 )  h(V 1)dV1

v+1 
_  2 2 

(1 + ^  )
x
2

v-1

( i+ v x2 ) 2 (p 1v 1 +  1)

dx
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-  CO < <  00

f o r  l a r g e  .

L e t  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  be d e f i n e d  by

r v i
( 2 . 1 . 1 7 )  HCV^ = j h ( v  ) dv

-CO

-  00 <  V  ^  <  00

R ic h a rd s o n  (1968b , p .  1225) h a s  d e m o n s t ra te d  t h a t

f 0 i f  v  < 8
( 2 . 1 . 1 8 )  H(V ) -» ■!

1 i f  V § p

-  00 <  <  00

- 2as p, -* o o .

Basmann (1963b) h a s  o b t a i n e d  an a p p ro x im a t io n  f o r  H(V^) when v = l .

S e t t i n g  v=l i n  ( 2 . 1 . 1 6 )  g i v e s  Basm ann 's  e x p r e s s i o n  f o r  h(V^)dV^ f o r  
—2

l a r g e  p, . We w i l l  a p p ro x im a te  H(V^) from ( 2 .1 ,1 6 )  by means o f  incom ­

p l e t e  b e t a  f u n c t i o n s . Ig [a >  b ;  x j  (A .3 4 ) .

S in c e  t h e  t r a n s f o r m a t i o n s  ( 2 . 1 . 2  c , d )  a r e  n o t  m o n o to n ic ,  c a r e  

m ust be e x e r c i s e d  i n  p e r fo rm in g  t h e  i n t e g r a t i o n s  and making t h e  changes  

o f  v a r i a b l e s  r e q u i r e d  t o  o b t a i n  t h e  f i n a l  form o f  o u r  a p p ro x im a t io n  

o f  H(V^) .
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From ( 2 . 1 . 2 ) ,  ( 2 . 1 . 1 6 ) ,  and ( 2 . 1 . 1 7 )  we o b t a i n

( 2 .1 .1 9 )  H(VX)
(1 +  V12) 1 /2

M-
t1 - (!)

v - l  
2 - ,  2

X (1 -
x

Pi I1 - 3, *
v - l

x
2 dx

/v/2tt

-  00 <  <  0°

Making t h e  s u b s t i t u t i o n  (—) = t  we o b t a i n  t h e  f o l l o w in g  e x p r e s s i o n s
A

f o r  t h e  a p p ro x im a t io n  o f  H (V ^ ) :

F o r  3 = 0

( 2 .1 .2 0  a -b )  H(V ) =: — ^
1  2  * /2 t t

s r
I

v - l

t  -  (1  -  t )  e

1
2

_ 1L_ t
2 2 d t

r i+ v r  t  2 < i - 1 > 2
'o

,  “2 
. l L t

e 2 d t lJ

00 < V  ̂ 0

H(V ) -  — 1
1 2 J2̂
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{X 1 f t  2 (1 -  t )
.H l l  -  JL- t

2 2 at-e d t

^=1  -  1L.
+ I 1+V  t  2 (1  -  t )  2 e  2 dt}

0 s  V;L <  00

F o r  g >  0

( 2 . 1 . 2 1  a - c )  H (V .) ~
2  ,/2-rr

< V 6i >2
-  2 v - l  

2 . . v
{  j  (1 + Bl > +  V1 > t  2 (1 -  t )  2 ( - )

x [ i  |0X I ( j ^ )  ]  e

1 ^ 2 
2 - ?  -  t2 d t

Jr ( i + s i 2) t ' 2 a

v - l  

t )  2 ( - ) v

2 - V

1 - i pi l  (T ^ >  J
d t

}
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-  00 <  V, S ■JL

HCVX)
2 a/5tt

f f 1 2
X { i t  (1

L u 0

v - l  

t )  2 < - ) V

1 - l O j I

1 , 2 
2 , V - f t

e d t

-  2. v - l
f ( l + P x ) t  2 (1  .  t ) 2 ( _ ) v

1 , 2 
z ~ y  - f t

>  -  p i i  < i ^ >  ] e  2 d t

1 2 
t  Z (1

v - l
2

1 +  i ^ l l

1 , 2  
2 V -  A_ t

t  N 1 2 C
J d t

r d+ij2)
(v v 2 ,

<1 + vl2> t ' 5 ( l - t>
v - l

2

0
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1 +  I M  (i ^  .

i  , 2 
2 , v - f t

e d t }

-  V £  B 1 “  P1

H(VX) ^
2 , / 2tt

v - lr t  (1 -  t )  ( - )

X [ i  -  i ^ l  ( j ” )
2e d t

v - l

<1+fil ) t 2 (1 . t) 2 <-)v
0

1 ^2 
2 - v - f t

x [*  -  | e x | < i ^ )  ]  e d t

1 t  2 a - 1 )

v - l
2

x [ i  +  |PXI (“ 7 )

1 , 2 
2 V -  t9 L

! e d t

<vV2
r d + S j 2) '  ( i  +  v ^ )  t ‘  2 (1

0
-  t )

v - l
2
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1
2 -,V

X [ l  -  I S j l  _ d t }

h  ~  v i  <  00

Fo r  p <  0

( 2 . 1 .2 2  a - c )  H(VX)
2 *J2n

X {  J  (1+P1 > t  2 (1

0

-  t )

v - l
~ T

i  , 2 
2- .  -  i -  t

d t

. r d+e/) ‘ (i + VjZ) t' 2 (1 _ t)
v - l

2

1 - \ \  I <■& ]

1 , 2 
2 _v - f t

e d t
}

-  «  <  V;L se 3X

H(V ) »  — A—
1 2 ^ 2rr

X {  J  (1+gl  > t" 2 (1 - t )

v - l
2
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1 , 2  
2 V -  t

* t 1 -  tPil <oZF> ]  « 2 it

-  2
( W 2

P <1+0. ) (1 +  V- ) ,  2

0
1 y t  (1  -  t )

v - l
2

x [ 1 + ls>il < i= t )  J  «

1 i 2
2 . V -  t

d t }

8 -  V -Px -  v x -
-  1

H O ^ )
2 a/2tt

X i  I (1 + ^1 )
U '

_ 1 v - l

t  2 (1  -  t ) " 5"

I Pi

1 , 2
“  v .  1 A *•

d t

r 1 t -  ■* a  - 1)

v - l
2

r i  _ 2
V -l

+  t  “ (1  - 1 ) ( - )
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x [ i
b

IS1 I .
d t

a + f ^ 2 )

<v r gi> ' v - l

<1 + V t  2 ( l - t ) 2 <->v
0

1 -I M
b

d t
}

^  V < CO

By u s e  o f  t h e  s e r i e s  e x p a n s io n  f o r  e  p r o v id e d  by (A .4 )

and t h e  b in o m ia l  fo rm u la  we can  w r i t e  ( 2 . 1 . 20 ) ,  ( 2 . 1 . 21) ,  and ( 2 . 1 . 22) 

in  te rm s  o f  i n c o m p le te  b e t a  f u n c t i o n s  as  f o l l o w s :

F o r  (3̂  = 0

( 2 .1 .2 3  a - b )  H(V1) ~ __ IL
I

2 pfo p'

fT f l x  \* 1  , 1
X 1 B L 2 + p * 2 J J

-  I v f l
B [  2 +  p ’ *2 ; 1+V 2 ]  }

-  00 <  V ^  0
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H(VX) ~
2 J i n

■2.P

z
p=0

J t - \
 ̂ 2 )

j r  r 1 , v f i  , 1  
I B .2 +  p » 2 ’ J

+  I B +  P ,
vf-1 V.

1+V,

F o r  31 >  0

( 2 . 1 . 2 4  a - c )  H(V1) ~
2 Jin I

( - B 1

» Z  G O  i pi  ik  <->
v-k

k=0

v -k + l

(1+PX2)

( V ^  

d+V-L )

-  I k+1
B + P ,

v -k + l

( 1+ 0!  )
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H O ^ )
2 V2tt I

p = 0

i V  
2 )

k=0

k+1 . v -k + l  n 
2  ’ " j

<->v ' k i B
k+1 v -k + l

2 p ’  2 ;

l  i
— 2 J

( 1 + 3 ! )

,  T  r  k + l  v -k + l  1
B L 2 + p ’ 2 5 1j

r  M i  v -k + i
B L 2 +  P ’ 2 ’

( 1 + 3 X )

(vr V 2 - i
( i  +  v x2) -■ J

= V = B 1 P1

H (V,)
2 ,/2t t

p = 0

X L  W  l pl l
k=0
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v- k
X { ( - )  ' “ I.B

k+1  , v -k + l  1
2 +  p » 2 » 1J

( - ) V_k I B
k+1  , v -k + l  1

o + p »  o ; _ 2
2 2 ( 1+ P J )

, t  f  M l  . v -k + l  ■ 
+  I b L  2 + P )  2 5 1 .

. M k  r  k+1  v -k + l
+  (_ )  h  L ~ + p ’ ^ ^

d + \ 2 )

( v r gi>

( i  + v x2) J
;

pi s v i <

Fo r  <  0

( 2 . 1 . 2 5  a - c )  H(V1) ~
~ * =  I
2 n=0

( - H F

* 1  O')  i M k <->k
k=0

K [
k+1 . v -k + l
~~2~ P » T ~

( i + P l 2)

,  T k+1 . v -k + l
" B _ T  + p’

d + 3 ^ )

( v ^ ) 2 

( i  +  v x2>
] }
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»  <  v x *  81

H<V - -V I ( - f ) 1

2 ^  p=0

X 

k=0

V
.kI GO

f ,  vk f  k+1 ^  v -k + l 1 "j
X BL 2 + p > 2 ; -  2 J

(1+3X )

—  2
. _ r k+i, v-k+i i . i \

K 2 ^ * 2 * — 2 2 J  J
B L 2 2 ( 1 + 0  ( l  +  v p J  J

e S V  s - i -  

*1

«V-r^= I ( - f ) '

2 ^  p=0

x i  ©  isi  ii
k=0

f ,  .k  .  r  k+1 . v -k + l 1 1
i ( -> i b L ~  + p > ^ ~ ; t t t z t j( 1 + P j )
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, T r k+i i v"k+i . , 1
B L  2 + p ’ 2 * J

, ,  \ v - k  r k + i  ^  v -k + i  ."] 
+  ( - )  I B [  — +  P .  — 2~ ;  1 J

— 2
, . v - k .  r  k + i . v -k + i i  . ( ' W  i i

“ \  T ~ +  p> ~ o — ; — z~o“  ------ ?  j
(1+3 ) (1  +  V ) J

i -  s  v  <  CD

Pi

2 .2  Some C o m p u ta t io n a l  R e s u l t s  

We can  e x p r e s s  t h e  in c o m p le te  b e t a  f u n c t i o n s  o f  ( 2 . 1 . 2 3 ) ,

( 2 . 1 . 2 4 ) ,  and ( 2 .1 .2 5 )  i n  te rm s  o f  h y p e rg e o m e t r ic  f u n c t i o n s  by means 

o f  (A .36b) when t h e  a rgum en ts  o f  t h e  in c o m p le te  b e t a  f u n c t i o n s  a r e  l e s s  

th a n  one and i n  t h e  c lo s e d  form  s p e c i f i e d  by (A .37)  when t h e  a rgum en ts  

a r e  e q u a l  t o  o n e .

A c o m p u te r  p rog ram  i n  t h e  F o r t r a n  IV la n g u a g e  w i t h  d o u b le  p r e ­

c i s i o n  r e a l  v a r i a b l e s  h a s  been  w r i t t e n  s u i t a b l e  t o  a p p ro x im a te  H(V^) 

a c c o r d in g  t o  ( 2 . 1 . 2 3 ) ,  ( 2 . 1 . 2 4 ) ,  and ( 2 . 1 . 2 5 ) .  I n  t h e  f o l l o w in g

t a b l e s  we p r e s e n t  some exam ples  o f  a p p ro x im a t io n s  t o  H(V^) f o r

—  —2
v = 0 ,  1, 2 ,  3 ,  4 ,  5 ,  3^ = 0 ,  1 ,  and |j, = 10. We w i l l  t a k e  i n t o

a c c o u n t  t h e  a p p ro x im a t io n  made i n  ( 2 . 1 . 1 3 )  by com pu ting  an  a p p r o p r i a t e
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n o r m a l iz in g  c o n s t a n t ;  i . e .  we a p p ro x im a te  H(V^) a c c o r d in g  t o  ( 2 . 1 . 2 3 ) ,

( 2 . 1 . 2 4 ) ,  and ( 2 . 1 . 2 5 )  s u b j e c t  t o  t h e  r e s t r i c t i o n  t h a t  H(V^) -» 1 

as  -» =°.

TABLE 2 . 2 . 1

-2
N o rm a l iz in g  C o n s t a n t s :  p. = 10

V

m
™

1

n o -  1

0 1 .0700 1 .0293
1 .9980 1.0000
2 .9448 1.0293
3 .9000 1 .0998
4 .8630 1 .2131
5 .8295 1 .3694

v=0

H (V p

\*=1

TABLE 2 .2  

- 2: (j, = 10

v=2

.2

, ^  = 0 

v=3 v=4 v=5
V1 H(VX) H(V1) H O ^ ) H(VX) H(VX) H(VX)

- 1 .0 .0213 .0128 .0076 .0051 .0037 .0025
-  .8 .0363 .0240 .0170 .0126 .0089 .0075
-  .6 .0672 .0518 .0411 .0329 .0272 .0227
-  .4 .1380 .1197 .1060 .0942 .0844 .0761
-  .2 .2816 .2674 .2555 .2449 .2353 .2270

0 .0 .5000 .5000 .5000 .5000 .5000 .4999
.2 .7189 .7329 .7437 .7558 .7643 .7734
.4 .8627 .8806 .8933 .9067 .9146 .9242
.6 .9335 .9484 .9580 .9680 .9718 .9786
.8 .9643 .9772 .9821 .9883 .9901 .9937

1 .0 .9793 .9883 .9915 .9957 .9954 .9987
1 .2 .9853 .9935 .9950 .9972 .9968 .9996
1 .4 .9889 .9959 .9962 .9987 .9976 .9984
1 .6 .9927 .9970 .9956 .9988 .9960 .9982
1 .8 .9931 .9974 .9966 .9973 .9970 .9972
2 .0 .9963 .9973 .9964 .9970 .9967 .9975
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T A B L E  2 . 2 . 3

H ( V 1 > : ii 1 0 ,  =  1

V 1

v = 0 V = 1 v = 2 v = 3 v = 4 v = 5

H  ( V 2 ) h O ^ ) H C V ^ H  ( V j ) H ( V X) H C V

0 . 0 . 0 0 0 2 . 0 0 3 0 . 0 0 2 9 . 0 0 2 2 . 0 0 6 5 . 0 0 8 5

. 2 . 0 0 9 4 . 0 1 2 5 . 0 1 7 2 . 0 2 1 4 . 0 2 7 4 . 0 3 3 4

. 4 . 0 4 4 0 . 0 6 1 2 . 0 8 1 2 . 1 0 2 5 . 1 2 6 5 . 1 5 1 4

. 6 . 1 4 6 2 . 1 9 3 3 . 2 4 2 2 . 2 9 2 6 . 3 4 3 7 . 3 9 3 9

. 8 . 3 1 5 4 . 3 9 4 7 . 4 6 8 8 . 5 3 7 9 . 6 0 1 9 . 6 5 9 2

1 . 0 . 4 9 9 7 . 5 9 4 2 . 6 7 3 6 . 7 3 9 9 . 7 9 4 5 . 8 3 9 2

1 . 2 . 6 5 2 6 . 7 4 5 1 . 8 1 2 8 . 8 6 4 4 . 9 0 2 5 . 9 3 0 8

1 . 4 . 7 6 2 6 . 8 4 2 3 . 8 9 4 9 . 9 3 1 0 . 9 5 4 7 . 9 7 1 0

1 . 6 . 8 3 5 8 . 9 0 1 7 . 9 4 0 1 . 9 6 4 4 . 9 7 8 6 . 9 8 7 6

1 . 8 . 8 8 3 6 . 9 3 7 0 . 9 6 4 8 . 9 8 1 3 . 9 8 9 7 . 9 9 4 6

2 . 0 . 9 1 5 0 . 9 5 8 2 . 9 7 8 8 . 9 8 9 6 . 9 9 4 5 . 9 9 7 6

2 . 2 . 9 3 5 7 . 9 7 1 9 . 9 8 6 4 . 9 9 3 9 . 9 9 7 4 . 9 9 9 2

2 . 4 . 9 5 0 6 . 9 8 0 1 . 9 9 0 9 . 9 9 6 8 . 9 9 8 2 . 9 9 9 5

2 . 6 . 9 6 0 8 . 9 8 5 5 . 9 9 4 3 . 9 9 7 7 . 9 9 8 8 1 . 0 0 0 2

2 . 8 . 9 6 8 1 . 9 8 9 0 . 9 9 5 8 . 9 9 8 5 . 9 9 9 7 1 . 0 0 0 2

3 . 0 . 9 7 3 4 . 9 9 2 0 . 9 9 6 7 . 9 9 8 9 . 9 9 9 6 . 9 9 9 8
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CHAPTER 3

THE DISTRIBUTION FUNCTION OF THE GCL 
IDENTIFIABILITY TEST STATISTIC

3 . 1  The A sy m p to t ic  D i s t r i b u t i o n  F u n c t io n  

R ic h a rd s o n  (1968a)  h a s  d e r i v e d  t h e  e x a c t  f i n i t e  sam p le  d e n s i t y  

f u n c t i o n  o f  t h e  i d e n t i f i a b i l i t y  t e s t  s t a t i s t i c  d e f i n e d  by

Q(P , ) / v
( 3 . 1 . 1 )  F = ------“ -----

c 2 ( P a ) /m

w here  m i s  d e f i n e d  by

( 3 . 1 . 2 )  m = N-K

From ( 1 . 2 . 3 )  and ( 1 . 2 . 5 )  we have  e q u i v a l e n t  e x p r e s s i o n s  f o r  F

ci)1 .

( 3 . 1 . 3  a - b )  F « g  ’

V2 / v

The d e n s i t y  f u n c t i o n  o f  F i s

( 3 .1 . 4  a-b) g(F) (v /m )

"2 _  2 
f -  d + P x )

B(v/ 2 ,  m/2) e
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/ .v4-2 \  /m + v + l \  oo eo oo
r r\ 2 ) r \  2. A  V V Vx r r ( Z. Z Z.

* \  2 /  \  2 J  j =0 s =0 j&=0

— 2 -2  S4-® 9 j  s+^-1

( ^ )  ( * - ) £ » )
m+v. „ 

v 2s i  i \  j'. (1  +  *  F) ZJ N m

f v+2\ / 1 \  I m+v+l\ /ntfy\
V 2 ^ l + A l / 1+ A  2 M  2 /»
f yt-lV flA / m+v+2\
\  2 /s+ j+ X \2yj\ 2 / j + f

X 2f 1

o’ +
m+v

+  s ;

m+V+2 . . . .  1 +  -  F— -—  +  j  +  I ;  m

0  s  F  <  co

= 0 o t h e r w i s e

( R ic h a r d s o n ,  1968a, p .  209)

A random v a r i a b l e  d i s t r i b u t e d  as  ( c e n t r a l )  F w i t h  v and m d e g r e e s  o f  

freedom  h a s  t h e  d e n s i t y  f u n c t i o n

( 3 .1 . 5  a-b) g(F) - TQ .  S F)
B (v/2 ,m /2)

( 1 +  3 0

m+v
2
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( 3 .1

From

( 3 .1

0 F < oo

= 0 o t h e r w i s e  .

L e t  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  F i n  ( 3 . 1 . 5 )  be d e f i n e d  by

.6  a - b )  G(F) = f F g ( f )  d f

0 s  f  <  oo 

= 0 o t h e r w i s e .

( 3 . 1 . 5 ) ,  ( 3 . 1 . 6 ) ,  (A .3 4 ) ,  and (A .36) we o b t a i n

( s F)

v
2

.7 a - b )  G(F) « rofv

( v / 2 ) B ( v / 2 ,m / 2 ) (1  +  — F) 2m

X 2F1

1 .
mfv

v f 2 
2 ;

-  Fm

1 +  -  F m

= 0 o t h e r w i s e .

L e t  t h e  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  i d e n t i f i a b i l i t y  t e s t  s t a t i s t i c  

be d e f i n e d  by
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( 3 . 1 .

From

( 3 . 1 .

5 a -b )  G(F) « g ( f )  d f

= 0 o t h e r w i s e .

[ 3 . 1 . 4 ) ,  ( 3 . 1 . 8 ) ,  (A .2 ) ,  (A .4 ) ,  (A .3 4 ) ,  and (A .36) we o b t a i n
v 

.2
-  f )

) a - b )  G(F) = ------------— ----- mfves
( v / 2 ) B ( v / 2 , m / 2 ) (1 +  “  F)

-  f -  ( i + V ) l
m + V + 2 \  J

X I

. s + r  - 2  j  6 2^ 2 . +A

S O  . d t ) ^

s , j , X , t , r =0 ( !  +  -  E1)
v s + r + t  s !  j i  Al  t ' .

( /l'') / mfv+lN
V 2 )  l + A l / t t A  2 ) \  

f e t l )  X
\  2 /s + j+ £  \2 /

* « ) ,
/r o f \+ 2 \  /  V f2 v\
V 2 /j+X +t \  2 /s + r
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= 0 o t h e r w i s e .

U s in g  (A .2) and (A .4) we w r i t e  ( 3 . 1 . 9 )  as

( ~ F) 2( 3 . 1 . 1 0  a - b )  G(F) = ------------   m' — ------------

X e

mfv
( v / 2 ) B ( v / 2 ,m / 2 ) (1  +  ^  F)“ 2 "

m

/ \S + r  /“ 2 . J .

;  . ( i : ) (
s + r + t

s , j , t , r = 0  ( 1 + - F )
m

( v f 2 \  / m f y f l \  / nrtV\ AA AN 
V 2 M  2 ) j \  2 / s + t + r \ 2 / s \ 2 / t

X ( | Tn4-vt-2 \  / \H-2 N
\  2 /  s+ j  \  2 / j + t \  2 /  s + r

v f 2
+  j :

X 3F3 v f l 4- s  +  j , mfv+2 . . . ^ 1
— 2—  + J + t» J

= 0 o t h e r w i s e .
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By r e p e a t e d  a p p l i c a t i o n  o f  (A. 11) and by u se  o f  (A. 13) we have

( 3 . 1 . 1 1 )  3F3

V4-2 . 1 . 1 .
2 "b j>  ^  "f" j  j 2 *

R 2 -2

. m fv f2 . 1 2+ j  + t ,  p

fl 2 -2Px M-

= e
I

J&o 0

-  2 -2

J&l

2-2 p

2_

p=0

fl 2 -2

;  (-V-)
x Z. — —

q=0

A tH-v  
\  2 +  s + * + p)c

( i  +  £  +  p ) c

R e p la c in g  £  by q -p  i n  ( 3 . 1 . 1 1 )  and m aking u s e  o f  (A .2 ) ,  ( A .4 ) ,  and 

(A .7) we o b t a i n

(3 .1 .1 2 )  3F3

v+2 . 1 1
2 " b j j  2 3 * 2

—  2-2  
?!  |i

v-f-1 . . .  mf v+-2 . . . .  1
~~2~ +  8 +  J > 2 J * 2 ’
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-  2- 2. -  2 -2  1  

$1 V- »  / P

= e

jfc=0to "

I
q=0

f t
2-2

( i 3 = I
ql

( r r  +s + ^)g

( i  +  A)q

X 3F2

- q . ^ + s + m ,  S t p + j :

5± ^ .  +j+t+j&, ^  + s + X;

We have

( 3 . 1 . 1 3 )  3F2

„ m4-v .oxt-j fl nH-VH-l , . . *q> 2 ■f'S+t+^j 2 J )

2± ^ + j + t + j & ,  +S+i ;

A \  / hH - V + 2 ' \  

\ 2 /j&fq\ 2 / j + t + l
7 T \ /  nH-\H~2\
\ 2 /A ftV  2 / j+ q + £

X 3F2

- t , S**+s+*h,, S ± |£ i+j;

2 4 ^ + j + a h ,  = “ +«■*;
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by (A .2) and ( B a i l e y ,  1964, p p .  1 6 - 1 9 ) .

From ( 3 . 1 . 1 0 ) ,  ( 3 . 1 . 1 2 ) ,  ( 3 . 1 . 1 3 ) ,  (A .2 ) ,  and (A .4 )  we o b t a i n

( s F)( 3 . 1 . 1 4 a -b )  G(F) = -----------------    - -̂ V
( v /2 ) B ( v /2 ,m /2 )  (1  +  — F)

m

x e
L  r r ( ^ > ( ^ )

Lr ( v | l ) r ^ n « ^ 2 ) J

I
r ,  s , t , j e , q , p = 0  (1 +  -  F)

s _ R 2 -2  S+J&fq
^ v ^ S+r  o / P i  M-

1 " F
V

un ! c-> q( V - )
s + r + t  s i  t l  Jll q I  p i

/WvKlA /'njtv') (V\ , .
\  2 / p \  2 /  s + t+ r  \2Js+JL p
 ^ ------------------

( r r  +S+M v) q (~  2 +s )p.
m fv f2

q+irfp

X 2? 2

V4-2 mfvfl

V4-1

+ p ;

rofvf2
2“  +S+A,  2---  +9+JWl? >

-2
iL_
2
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0 s  p  <  co

= 0 o t h e r w i s e .

By (A .2) and ( A .18)

v
.2

(m F)( 3 . 1 . 1 5  a - b )  l im  G(F) = l im  --------------=--------------------------- rarihv

T2-*, ( v / 2 ) B ( v / 2 , r a / 2 ) ( l  +  -  F) 2^ m

-2  
_ 1L_

2 ,

8 j

j .  r r ( ^ ) r ( ^ )

I
a 2 -2  s

S') . (V)
s + r + t  s i  t l  p i

s , t , r , p = 0  (1 +  -  F)m

m fv f  1\  / m+v\ / 'v \  . .
, 2 ) iA 2 / s + t + r \ 2 / s  i 

/  V f l \  / VH-2 \  |/ nrt-\H-2\
V 2 / s \  2 / s+ rV  2 /p

-o a - 2 q 

+ s + p j q _ {  — )

L  .̂ tt+V+2 \  q l
1=0 V 2
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X 2F2

V + 2

2

V4-1

TiH-Vfl
+  p ;

+  s ,
n v fv f2

+q+p;

-2
iL.
2

0 ^  F <  oo

= 0 o t h e r w i s e .

Making u s e  o f  ( A .2 ) ,  ( A .4 ) ,  ( A .1 8 ) ,  and (A .33) we have

v
•y nH-V

(m F )  ( X +  V )  2( 3 . 1 . 1 6  a - b )  G(F) -♦ V V  ........ ................
nH-V

( v / 2 ) B ( v / 2 ,m / 2 ) (1  +  -  F) 2m

e 2 E
00 00

x X I X ( s  F ) S+r .

n + 2 ^ s + r f t  s' t ‘
s =0 t =0 r =0 (1  +  m F '

( T L t J D s  y  < t ) B<l  -  V >

^ s + r  p = 0\  2 / £

0 s  f  <  oo

= 0 o t h e r w i s e

-2
a s  p, -» oo.
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By u s e  o f  (A .2 ) ,  ( A .4 ) ,  (A .6) ,  and ( A .1 1 ) ,  ( 3 . 1 . 1 6 )  c a n  be  w r i t t e n  

a s  f o l l o w s :

v

V F ^  m4-nH-V

( 3 . 1 . 1 7  a - b )  G(F) -+

-2as  p, -» oo.

We have

(J E  )
1+8 F ( i  +  2

( v /2 )  B (v /2 ,m /2 )

00 00 00 

- I I I
s =0 t =0 r =0

v s + r  ■=■ 2 s + t

1 +  -  F 1 +  0m 1
s'. r  I t l

x v+2\
2 / s + r

0 I F  < ®

= 0 o t h e r w i s e

v s + r  -  2 s + t
(  f   ̂ f - i i — ')

"  •  "  V1 +  ^ F ;  ' i  +  I , 2 'm_____________  I______
s i  r l  t 1.

s *0  t =0 r =0
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\  2 / £2 / s + r

00 00

■I I I
8=0 t =0 r =0

(

v F  s+ r  
m

2 s + t

1 +  ”  Fm <1 7 ^
r ; t l

-  f  -  o .

v „  s + r  -r 2 s + t

00 00 X — 1

*1 I I
s =0 r = l  t =0

1 +  — F m
s i r ; t l

R e p la c in g  £. by t + r  i n  t h e  f i r s t  e x p r e s s i o n  t o  t h e  r i g h t  o f  t h e  e q u a l

s i g n  i n  ( 3 . 1 . 1 8 )  and making u s e  o f  (A .2) and (A .7) we o b t a i n

v s + r  -  2 s + t
(  ° F f  8 i  , )

V V V 1 + m F 1 + V
( 3 . 1 . 1 9 )  X I X  s i  r l  t l

e =0 t =0 r =0
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72}
\  2 /  s + r

v s + r  "a 2 s+r4-t
~ F  \  /  P i(t̂ t)

I I I " '
00 00 00  ̂ * a. v / \

( - )  1 +  -  F 1 +  p. m
s :  r :

s —0 t =0 r =0

R e p la c in g  r  by r - s  on th e  r i g h t  s i d e  o f  ( 3 . 1 . 1 9 )  and m aking u se  o f  

( A .7) we o b t a i n

v p s + r  j  2 s + t

CO CO t

( 3 . 1 . 2 0 )  I I I
(77^(7717)m_____________  1

s i  r l  t l
s =0 t =0 r =0

/mfcv\ AA A  _ m 
V 2 / s + t \ 2 / s + r \  2

\ 2 Ji' s + r

I I
t =0 r =0

(ffe) (7 ^ )
r + t

'1 +  -  F m 1 +  Pi

r l
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w m : ( i ) t + r

I
s =0

( - r ) s ( - t - r ) s

m
s I

U s in g  (A .7) and  (A .8 ) and r e p l a c i n g  £  by t - r  on t h e  r i g h t  s i d e  o f

( 3 . 1 . 2 0 )  we o b t a i n

00 00 t

( 3 . 1 . 2 1) I I I

s - 0  t =0 r =0

v s + r  j  2 s + t

 ss_____________ - l
s i  r i  t !

I  2 
(  Bi  )

- m t W i
L t l

t = r
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R e p la c in g  r  by r + t  i n  t h e  s e co n d  e x p r e s s i o n  t o  t h e  r i g h t  o f  t h e  

e q u a l  s i g n  i n  ( 3 . 1 . 1 8 )  and m aking u s e  o f  (A .2) and (A .7) we o b t a i n

v s + r  — 2 s + t  
“  F N / P n m

( t ^ t )

(3 . 1 .2 2 )  I I I

00 T“— 1 . „
1 +  “  F 1 +  P.

 m
s ' r !  t l

s =0 r = l  t =0

v _ s + r + t  -r 2 s + t
Z  * \  / P i

s =0  r = l  t =0

f— a — J )  ( _ 1 _
A ,  +  v F;  V,

m
s i  t l

R e p la c in g  £  by  s - t  on t h e  r i g h t  s i d e  o f  ( 3 . 1 . 2 2 )  and m aking u s e  o f  

(A .2) and (A .7 )  we o b t a i n

v _ s + r  -r 2 s + t
f _ a L - )  ( - h  ■)

" I  r~  H  +  *  f  h  +  e ,
( 3 . 1 . 2 3 )  ^  5! X -----------------------------------------------s i  r l  t l  

s =0 r = l  t =0
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/W v \  M  / ,  m
\  2 / s + t  \ 2 / s + r \  2 O r

v+2
s+r

(r ^ )  (■

s+r

i  i
r = l  s=0

'1  +  -  F 'm
s i

1 +  p_

r :

* z
t=0

(l+r)t t:

U sing (A .2) and (A .8) and r e p la c in g  r  by r - s  on th e  r ig h t  s id e  o f

( 3 .1 .2 3 )  we o b ta in

oo oo r -1

f3 -1-24* 1 1 1

v s+ r  7: 2 s+ t

 m______________ 1______
s i  r l  t l

8=0 r = l t=0

(2 * )
\  2 /s + r
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(  pi  )

rf  f f i ) . 1 + h2)
Z. s i

s=0

From ( 3 .1 .1 8 ) ,  ( 3 .1 .2 1 ) ,  and ( 3 .1 .2 4 )  we have

0. 1. 25)  I I I

v s+ r  — 2 s+ t  

JB________
s 1 r . t !

s=0 t= 0  r=0

e 2 c( . V )
x I  -----------1 !---------------

t=>0
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By u s e  o f  (A .6 ) and  (A . 1 1 ) ,  ( 3 .1 .2 5 )  can  be  w r i t t e n

(3a .26) I I I

s + r s + t

m__________  1
r ! t :

s =0 t =»0 r =0

mj-v _ m

(1  +  P i2 )"7 " (1  +  I  F ) 2 i  m

From ( 3 . 1 . 1 7 ) ,  ( 3 . 1 . 2 6 ) ,  and (A .4 )  we o b ta in

( 3 .1 .2 7  a -b )  G (F) -» ---------2 --------------------------------^

( v /2 ) B ( v /2 ,m /2 ) (1  +  -  F ) 2m
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0 ^  F <  oo 

= 0 o th e rw is e

-2as  p, -><».

From ( 3 .1 .7 )  and ( 3 .1 .2 7 )  we deduce t h a t  th e  d i s t r i b u t i o n

f u n c t io n  o f  th e  i d e n t i f i a b i l i t y  t e s t  s t a t i s t i c  c o n v e rg e s  t o  th e

( c e n t r a l )  F d i s t r i b u t i o n  f u n c t io n  w ith  v and m d e g re e s  o f  freed o m  

—2as  p, -> o o .

3 .2  Some C o m p u ta tio n a l R e s u l ts  

L e t th e  moments ( i f  th e y  e x i s t )  o f  th e  i d e n t i f i a b i l i t y  t e s t  

be d e f in e d  by

_h
00

_h
( 3 .2 .1 )  E [F  ]  = F g (F )d F

w here  g (F ) i s  s p e c i f i e d  in  ( 3 . 1 . 4 ) .  R ic h a rd s o n  (1 9 6 8 a) h a s  o b ta in e d  

an e x p r e s s io n  f o r  E ^F^J and h a s  shown t h a t  h <  ^  i s  a  n e c e s s a r y  and 

s u f f i c i e n t  c o n d i t io n  f o r  E [F ^ J  t o  e x i s t .

-2  _
h  m h “ "p- ( !  +  P-i )

( 3 .2 .2 )  E [F  J = (“ ) e 2

r(f - h)r(| +h)r(*i +h )r(^ )
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(R ic h a rd s o n , 196 8 a , p .  2 1 0 ) .

The moments o f  a  random  v a r i a b l e  d i s t r i b u t e d  as  ( c e n t r a l )  F w ith  

v and m d e g re e s  o f  freedom  a re  g iv e n  by

w ith  h <  - |  .

When m >  4 we can  u se  th e  m ethod o r  moments (K e n d a ll  and S t u a r t ,  1963, 

p p . 148-152) in  o r d e r  t o  d e te rm in e  a ( c e n t r a l )  F d i s t r i b u t i o n  w hich 

a p p ro x im a te s  G ( F ) . L e t  th e  p a ra m e te r s  o f  th e  a p p ro x im a tin g  ( c e n t r a l )

F d i s t r i b u t i o n  be  d e s ig n a te d  by ( v ,  m ) . L e t th e  f i r s t  two moments o f  

th e  i d e n t i f i a b i l i t y  t e s t  s t a t i s t i c  be d e s ig n a te d  by and T hen ,

m aking u se  o f  ( 3 . 2 . 3 ) ,  we u se  th e  m ethod o f  moments to  o b t a in

( 3 .2 .3 )  E [Fh ]
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2 *J,1

2(^2 “

C om puter p rogram s in  t h e  F o r t r a n  IV la n g u a g e  w ith  d o u b le  p r e ­

c i s i o n  r e a l  v a r i a b l e s  h av e  been  w r i t t e n  s u i t a b l e  f o r  co m pu ting  G(F) 

a c c o rd in g  t o  ( 3 . 1 . 9 ) ,  f o r  com puting  G (F) a c c o rd in g  to  ( 3 . 1 . 7 ) ,  and 

f o r  a p p ro x im a tin g  G (F) m aking u se  o f  ( 3 . 1 . 7 ) ,  ( 3 . 2 . 2 ) ,  and ( 3 . 2 . 4 ) .

I n  th e  fo l lo w in g  t a b l e s  we p r e s e n t  a p p ro x im a tio n s  o f  G (F) o b ta in e d  by

th e  m ethod o f  m om ents. R e s u l t s  a r e  p r e s e n te d  f o r  v =  1 , 2 , 3 ,  4 ,  5 ,

-  2 -2  
m = 1 0 , 0 = 0 , .2 5 ,  1 , and ^  = 1 0 .  No r e s u l t s  a r e  p r e s e n te d

w here th e  c o m p u ta tio n  i s  p e rfo rm e d  a c c o rd in g  t o  ( 3 .1 .9 )  s in c e  th e

c o m p u ta tio n  tim e  i s  p r o h i b i t i v e l y  l a r g e .  The in a c c u ra c y  i n  com pu ting
— 2

G(F) f o r  l a r g e  F in  T a b le  3 .2 .6  w ith  0^ = 1 i s  due t o  c o m p u ta tio n a l

ro u n d o f f  e r r o r  r e s u l t i n g  from  th e  l a r g e  num ber o f  te rm s  r e q u i r e d  to  

s a t i s f y  th e  c o n v e rg e n c e  c r i t e r i o n .
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TABLE 3 .2 .1

Moments o f  th e  I d e n t i f i a b i l i t y  T e s t  S t a t i s t i c :

V
= 0

m = 1 0 , fT2 =

V -

= 10 

.25
V

= 1

E (F ) E (F 2 ) E (F ) E (F 2) E (F ) E (F 2 )

1 .1 3 9 5 .2 8 1 1 .2 2 2 6 .3 1 6 1 .387 9 .0 6 3
1 .1 4 9 3 .5 7 2 1 .2 3 5 4 .2 5 3 1 .417 6 .0 9 8
1.157 3 .0 1 3 1 .2 4 5 3 .5 7 2 1 .4 3 8 5 .1 1 5
1 .1 6 4 2 .7 3 9 1 .2 5 2 3 .2 3 4 1 .4 5 4 4 .6 2 1
1 .1 7 0 2 .5 7 9 1 .2 5 8 3 .0 3 2 1 .465 4 .3 2 0
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TABLE 3 . 2 . 2  

—2
G (F ) : m « 1 0 , n = 1 0 ,  v = 1

—  2 —  2 —  2 
3-1 = Q P. = . 2 5  Pi = 1

F G(F> ----------- ---------------  ------------------- -------  ------- -------------------
G(F) G (F )-G (F ) G(F) G (F )-G (F ) G(F) G (F )-G (F )

.2 .3357 .3958 .0601 .3705 .0348 .3180 - .0 1 7 7

.4 .4587 .5098 .0511 .4875 .0288 .4415 - .0 1 7 2

.6 .5433 .5864 .0431 .5671 .0238 .5269 - .0 1 6 4

.8 .6073 .6435 .0362 .6266 .0193 .5923 - .0 1 5 0
1 .0 .6589 .6886 .0297 .6742 .0153 .6440 - .0 1 4 9
1 .2 .7005 .7261 .0256 .7128 .0123 .6867 - .0 1 3 8
1 .4 .7357 .7570 .0212 .7449 .0092 .7218 - .0 1 3 9
1 .6 .7650 .7830 .0180 .7726 .0076 .7513 - .0 1 3 7
1 .8 .7899 .8052 .0153 .7960 .0061 .7773 - .0 1 2 6
2 .0 .8120 .8254 .0133 .8160 .0040 .7990 - .0 1 3 0
2 .2 .8306 .8422 .0116 .8334 .0027 .8177 - .0 1 2 9
2 .4 .8468 .8569 .0102 .8495 .0027 .8350 - .0 1 1 8
2 .6 .8617 .8698 .0081 .8629 .0013 .8493 - .0 1 2 3
2 .8 .8742 .8822 .0080 .8748 .0006 .8627 - .0 1 1 4
3 .0 .8851 .8924 .0073 .8860 .0009 .8740 - .0 1 1 2
3 .5 .9083 .9132 .0049 .9077 - .0 0 0 6 .8976 - .0 1 0 7
4 .0 .9259 .9302 .0042 .9249 - .0 0 1 0 .9157 - .0 1 0 2
4 .5 .9387 .9433 .0046 .9375 - .0 0 1 2 .9289 - .0 0 9 8
5 .0 .9495 .9529 .0034 .9483 - .0 0 1 2 .9401 - .0 0 9 3
5 .5 .9580 .9613 .0033 .9569 - .0 0 1 1 .9491 - .0 0 8 9
6 .0 .9639 .9673 .0034 .9630 - .0 0 0 9 .9564 - .0 0 7 5
6 .5 .9696 .9728 .0032 .9689 - .0 0 0 7 .9624 - .0 0 7 2
7 .0 .9742 .9766 .0024 .9726 - .0 0 1 6 .9664 - .0 0 7 8
7 .5 .9770 .9805 .0035 .9768 - .0 0 0 3 .9706 - .0 0 6 4
8 .0 .9803 .9829 .0026 .9801 - .0 0 0 2 .9742 - .0 0 6 2
8 .5 .9831 .9857 .0026 .9821 - .0 0 0 9 .9772 - .0 0 5 9
9 .0 .9844 .9872 .0028 .9847 .0003 .9787 - .0 0 5 7
9 .5 .9865 .9883 .0018 .9859 - .0 0 0 6 .9810 - .0 0 5 5
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F G(F)

G(F)

% 2

XADliCi

: id « 10,

= 0

f  -  10

i 2h

, v = 2

= .25 *12 = 1

G(F) G(F)-G (F) G(F) 13(F )-G (F ) G(F) g( f ) - g (f ;

.2 .1779 .2365 .0586 .2040 .0260 .1300 -.0 4 7 9

.4 .3192 .3761 .0569 .3443 .0251 .2676 -.0 5 1 6

.6 .4324 .4806 .0482 .4530 .0206 .3854 -.0 4 6 9

.8 .5237 .5634 .0397 .5391 .0154 .4827 -.0 4 1 0
1 .0 .5975 .6296 .0321 .6094 .0119 .5624 -.0 3 5 0
1 .2 .6584 .6844 .0260 .6668 .0084 .6271 -.0 3 1 3
1 .4 .7086 .7290 .0204 .7138 .0052 .6808 -.0 2 7 8
1 .6 .7497 .7670 .0173 .7534 .0038 .7251 -.0 2 4 5
1 .8 .7845 .7982 .0137 .7860 .0015 .7620 -.0 2 2 5
2 .0 .8130 .8252 .0122 .8141 .0011 .7928 -.0 2 0 2
2 .2 .8377 .8475 .0098 .8372 -.0 0 0 5 .8179 -.0 1 9 8
2 .4 .8578 .8663 .0085 .8576 -.0 0 0 2 .8399 -.0 1 7 9
2 .6 .8757 .8833 .0076 .8743 -.0 0 1 5 .8586 -.0 1 7 2
2 .8 .8910 .8971 .0061 .8893 -.0 0 1 7 .8745 -.0 1 6 4
3 .0 .9034 .9098 .0064 .9015 -.0 0 1 8 .8883 -.0 1 5 1
3 .5 .9278 .9335 .0058 .9259 -.0 0 1 8 .9138 -.0 1 4 0
4 .0 .9458 .9503 .0045 .9432 -.0 0 2 6 .9326 -.0 1 3 2
4 .5 .9579 .9614 .0035 .9566 -.0 0 1 3 .9462 -.0 1 1 6
5 .0 .9666 .9703 .0037 .9657 -.0 0 0 9 .9564 -.0 1 0 2
5 .5 .9739 .9768 .0029 .9725 -.0 0 1 4 .9640 -.0 0 9 8
6 .0 .9786 .9816 .0030 .9775 -.0 0 1 1 .9690 -.0 0 9 6
6 .5 .9821 .9853 .0032 .9813 -.0 0 0 7 .9737 -.0 0 8 4
7 .0 .9847 .9881 .0034 .9842 -.0 0 0 4 .9773 -.0 0 7 3
7 .5 .9876 .9902 .0027 .9865 -.0 0 1 1 .9803 -.0 0 7 3
8 .0 .9890 .9919 .0029 .9882 -.0 0 0 8 .9817 -.0 0 7 3
8 .5 .9902 .9932 .0031 .9895 -.0 0 0 6 .9837 -.0 0 6 4
9 .0 .9910 .9933 .0024 .9906 -.0 0 0 4 .9854 -.0 0 5 6
9 .5 .9916 .9942 .0026 .9914 -.0 0 0 1 .9859 -.0 0 5 7
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G (F ): m = 10, ]I2 = 10 , v = 3

F G(F) V
= 0

V = .25 2 = 1

G(F) G (F)-G (F) G(F) IG(F) -G(F) G(F) g <f ) - g(f :

.2 .1060 .1570 .0511 .1226 .0166 .0459 -.0 6 0 0

.4 .2438 .3007 .0569 .2626 .0188 .1621 -.0817

.6 .3703 .4207 .0504 .3862 .0159 .2929 -.0 7 7 4

.8 .4781 .5193 .0412 .4895 .0115 .4123 -.0 6 5 8
1 .0 .5674 .5996 .0323 .5751 .0077 .5130 -.0 5 4 4
1 .2 .6399 .6659 .0260 .6452 .0052 .5959 -.0 4 4 0
1 .4 .6997 .7203 .0206 .7025 .0029 .6626 -.0 3 7 0
1 .6 .7485 .7644 .0160 .7488 .0003 .7171 -.0 3 1 4
1 .8 .7884 .8014 .0131 .7876 -.0 0 0 8 .7606 -.0 2 7 8
2 .0 .8211 .8314 .0103 .8195 r.0 0 1 6 .7958 -.0253
2 .2 .8473 .8570 .0097 .8460 -.0 0 1 3 .8254 -.0 2 1 9
2 .4 .8697 .8775 .0078 .8672 -.0 0 2 5 .8490 -.0207
2 .6 .8883 .8955 .0071 .8858 -.0 0 2 5 .8693 -.0 1 9 0
2 .8 .9039 .9096 .0057 .9013 -.0 0 2 6 .8854 -.0 1 8 5
3 .0 .9169 .9225 .0055 .9144 -.0 0 2 5 .8989 -.0 1 8 1
3 .5 .9401 .9453 .0053 .9380 - .0 0 2 0 .9252 -.0 1 4 9
4 .0 .9561 .9614 .0053 .9546 -.0 0 1 5 .9422 -.0 1 3 9
4 .5 .9671 .9717 .0046 .9660 -.0 0 1 1 .9548 -.0 1 2 3
5 .0 .9747 .9786 .0038 .9732 -.0 0 1 5 .9629 -.0 1 1 8
5 .5 .9802 .9842 .0041 .9791 -.0 0 1 1 .9687 -.0 1 1 4
6 .0 .9841 .9875 .0035 .9834 -.0 0 0 7 .9729 -.0 1 1 1
6 .5 .9860 .9898 .0038 .9857 -.0 0 0 3 .9760 -.0 1 0 0
7 .0 .9882 .9914 .0032 .9882 .0000 .9783 -.0 0 9 9
7 .5 .9899 .9924 .0025 .9892 -.0 0 0 7 .9809 -.0 0 8 9
8 .0 .9912 .9941 .0030 .9908 -.0 0 0 4 .9822 -.0 0 9 0
8 .5 .9912 .9946 .0034 .9921 .0009 .9831 -.0 0 8 1
9 .0 .9920 .9949 .0029 .9922 .0001 .9839 -.0 0 8 3
9 .5 .9927 .9951 .0023 .9931 .0003 .9843 -.0 0 8 5
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•ri r \ /Xf \

G ( F ) :

. V

TABLE 

m  " 1 0 ,

=  0

3 . 2 . 5

“ 2
Mi *  1 0

V

,  v  *  4  

=  . 2 5 V 1 -  1

r

G( F)  G ( F ) - G ( F ) G(F) G ( F ) - G ( F ) G(F) g ( f ) - g ( f ;

. 2 . 0 6 7 3 . 1 1 0 6 . 0 4 3 2 . 0 7 6 8 . 0 0 9 5 . 0 1 1 5 - . 0 5 5 8

. 4 . 1 9 5 3 . 2 5 0 9 . . 0 5 5 5 . 2 0 8 1 . 0 1 2 7 . 0 9 1 9 - . 1 0 3 4

. 6 . 3 2 8 7 . 3 7 9 2 . 0 5 0 5 . 3 3 9 5 . 0 1 0 8 . 2 2 2 6 - . 1 0 6 1

. 8 . 4 4 7 7 . 4 8 9 1 . 0 4 1 4 . 4 5 5 3 . 0 0 7 6 . 3 5 7 9 - . 0 8 9 9

1 . 0 . 5 4 8 0 . 5 8 0 4 . 0 3 2 4 . 5 5 2 4 . 0 0 4 4 . 4 7 6 3 - . 0 7 1 7

1 . 2 . 6 3 0 2 . 6 5 5 2 . 0 2 5 0 . 6 3 2 0 . 0 0 1 8 . 5 7 3 8 - . 0 5 6 4

1 . 4 . 6 9 6 7 . 7 1 6 1 . 0 1 9 4 . 6 9 6 5 - . 0 0 0 2 . 6 5 1 8 - . 0 4 4 9

1 . 6 . 7 5 0 3 . 7 6 5 0 . 0 1 4 8 . 7 4 8 8 - . 0 0 1 5 . 7 1 2 9 - . 0 3 7 4

1 . 8 . 7 9 3 4 . 8 0 5 4 . 0 1 2 0 . 7 9 1 0 - . 0 0 2 4 . 7 6 1 8 - . 0 3 1 6

2 . 0 . 8 2 8 2 . 8 3 8 3 . 0 1 0 2 . 8 2 5 3 - . 0 0 2 9 . 8 0 0 7 - . 0 2 7 5

2 . 2 . 8 5 6 3 . 8 6 4 4 . 0 0 8 1 . 8 5 3 1 - . 0 0 3 2 . 8 3 1 0 - . 0 2 5 3

2 . 4 . 8 7 9 2 . 8 8 6 5 . 0 0 7 4 . 8 7 5 9 - . 0 0 3 2 . 8 5 6 2 - . 0 2 3 0

2 . 6 . 8 9 7 8 . 9 0 4 7 . 0 0 6 9 . 8 9 4 6 - . 0 0 3 2 . 8 7 5 7 - . 0 2 2 1

2 . 8 . 9 1 3 1 . 9 1 9 7 . 0 0 6 6 . 9 1 0 0 - . 0 0 3 1 . 8 9 2 5 - . 0 2 0 6

3 . 0 . 9 2 5 7 . 9 3 1 3 . 0 0 5 6 . 9 2 2 8 - . 0 0 2 9 . 9 0 6 3 - . 0 1 9 3

3 . 5 . 9 4 8 0 . 9 5 3 7 . 0 0 5 7 . 9 4 5 7 - . 0 0 2 3 . 9 3 0 5 - . 0 1 7 6

4 . 0 . 9 6 3 2 . 9 6 8 1 . 0 0 4 9 . 9 6 1 4 - . 0 0 1 7 . 9 4 5 9 - . 0 1 7 2

4 . 5 . 9 7 2 3 . 9 7 6 7 . 0 0 4 4 . 9 7 1 1 - . 0 0 1 2 . 9 5 6 2 - . 0 1 6 1

5 . 0 . 9 7 9 2 . 9 8 3 1 . 0 0 3 9 . 9 7 7 6 - . 0 0 1 6 . 9 6 3 1 - . 0 1 6 1

5 . 5 . 9 8 3 2 . 9 8 6 5 . 0 0 3 3 . 9 8 2 1 - . 0 0 1 2 . 9 6 7 0 - . 0 1 6 2

6 . 0 . 9 8 5 9 . 9 8 9 7 . 0 0 3 8 . 9 8 5 1 - . 0 0 0 8 . 9 7 0 4 - . 0 1 5 5

6 . 5 . 9 8 8 6 . 9 9 2 0 . 0 0 3 4 . 9 8 7 2 - . 0 0 1 5 . 9 7 2 9 - . 0 1 5 7

7 . 0 . 9 8 9 8 . 9 9 2 7 . 0 0 2 9 . 9 8 9 6 - . 0 0 0 2 . 9 7 3 7 - . 0 1 6 1

7 . 5 . 9 9 0 5 . 9 9 4 0 . 0 0 3 5 . 9 9 0 6 . 0 0 0 1 . 9 7 5 0 - . 0 1 5 5

8 . 0 . 9 9 0 9 . 9 9 4 1 . 0 0 3 1 . 9 9 1 3 . 0 0 0 4 . 9 7 5 0 - . 0 1 5 9

8 . 5 . 9 9 1 1 . 9 9 4 9 . 0 0 3 8 . 9 9 1 8 . 0 0 0 6 . 9 7 5 8 - . 0 1 5 4

9 . 0 . 9 9 2 2 . 9 9 4 7 . 0 0 2 4 . 9 9 2 1 - . 0 0 0 2 . 9 7 5 4 - . 0 1 6 8

9 . 5 . 9 9 2 2 . 9 9 5 3 . 0 0 3 1 . 9 9 2 2 . 0 0 0 0 . 9 7 4 9 - . 0 1 7 3
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!
i  TABLE 3 .2 .6

G (F ): m = 1 0 , « 10 , v -  5

T9 G(F) V -
0 . V = .25 *1

2 = 1
F

G (F) G (F )-G (F ) G(F) iG (F )-G (F ) G(F) G (F )-G (F

.2 .0448 .0809 .0361 .0494 .0047 .0014 - .0 4 3 4

.4 .1618 .2147 .0529 .1692 .0074 .0459 - .1 1 5 9

.6 .2979 .3486 .0506 .3045 .0066 .1661 - .1 3 1 8

.8 .4251 .4670 .0419 .4295 .0044 .3123 - .1 1 2 8
1 .0 .5344 .5665 .0321 .5363 .0020 .4462 - .0 8 8 2
1 .2 .6235 .6480 .0245 .6236 .0001 .5562 - .0 6 7 3
1 .4 .6951 .7141 .0190 .6938 - .0 0 1 3 .6427 - .0 5 2 4
1 .6 .7528 .7665 .0137 .7499 - .0 0 3 0 .7090 - .0 4 3 8
1 .8 .7981 .8092 .0111 .7945 - .0 0 3 6 .7609 - .0 3 7 3
2 .0 .8341 .8436 .0095 .8311 - .0 0 3 0 .8011 - .0 3 3 0
2 .2 .8628 .8712 .0085 .8597 - .0 0 3 1 .8326 - .0 3 0 1
2 .4 .8865 .8936 .0071 .8827 - .0 0 3 9 .8567 - .0 2 9 8
2 .6 .9049 .9116 .0067 .9012 - .0 0 3 8 .8765 - .0 2 8 5
2 .8 .9198 .9254 .0057 .9162 - .0 0 3 6 .8915 - .0 2 8 3
3 .0 .9318 .9375 .0057 .9293 - .0 0 2 4 .9044 - .0 2 7 4
3 .5 .9535 .9585 .0051 .9507 - .0 0 2 7 .9256 - .0 2 7 9
4 .0 .9669 .9715 .0046 .9648 - .0 0 2 1 .9384 - .0 2 8 6
4 .5 .9755 .9797 .0042 .9739 - .0 0 1 6 .9453 - .0 3 0 2
5 .0 .9812 .9850 .0038 .9800 - .0 0 1 2 .9503 - .0 3 0 9
5 .5 .9850 .9885 .0035 .9842 - .0 0 0 8 .9525 - .0 3 2 5
6 .0 .9876 .9908 .0032 .9861 - .0 0 1 5 .9535 - .0 3 4 0
6 .5 .9884 .9923 .0040 .9882 - .0 0 0 2 .9529 - .0 3 5 5
7 .0 .9897 .9934 .0037 .9897 .0000 .9528 - .0 3 6 9
7 .5 .9906 .9941 .0035 .9899 - .0 0 0 7 .9514 - .0 3 9 2
8 .0 .9913 .9947 .0034 .9908 - .0 0 0 5 .9500 - .0 4 1 4
8 .5 .9908 .9950 .0042 .9905 - .0 0 0 4 .9483 - .0 4 2 5
9 .0 .9912 .9943 .0031 .9910 - .0 0 0 2 .9457 - .0 4 5 5
9 .5 .9915 .9945 .0030 .9915 - .0 0 0 0 .9441 - .0 4 7 4
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CHAPTER 4

THE DISTRIBUTION FUNCTIONS FOR THE GCL 
STRUCTURAL VARIANCE ESTIMATORS

4 .1  The A sy m p to tic  D i s t r i b u t i o n  F u n c tio n  
A s s o c ia te d  w ith

We d e n o te  th e  d i s t r i b u t i o n  f u n c t io n  o f  U c o r r e s p o n d in g  to

— 2 —2
( 1 . 2 .6  c )  by F2 (U) w ith  a s s o c i a te d  p a ra m e te r  s p a c e  ( v ,  , p, ) .

The c h i - s q u a r e  d i s t r i b u t i o n  f u n c t io n  w ith  v d e g re e s  o f  freedom  i s  

d e n o te d  by F2 ( U ) .

Basmann and R ic h a rd s o n  (1969b ) h av e  d e r iv e d  th e  e x a c t  f i n i t e  

sam ple  d i s t r i b u t i o n  f u n c t io n  F2 (U ).

v

( 4 .1 .1  a -b )  F2 (U)

X

-2
Ji_
2

X

0 =i U < 00 

= 0 o th e r w is e
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(Basmann and R ic h a rd s o n , 1969b, p .  2 4 ) .  F2 (U) i s  g iv e n  by

v

( 4 .1 .2  a -b )  F2 (U) =

s =0 \  2 J s

0 § U  < ®

= 0 o t h e r w i s e .

D e s ig n a t in g  th e  e x p re s s io n  in  c u r l e d  b r a c e s  in  ( 4 .1 .1  a) by P ( s )  we 

u s e  (A .22) t o  deduce

- 2a s  p, -» o .

Then by ( 4 . 1 . 1 ) ,  ( 4 . 1 . 2 ) ,  and ( 4 .1 .3 )  we o b ta in

( 4 .1 .4 )  F2 (U) -» F 2 (U)

-2
as  p, -* ®.

4 .2  The A sy m p to tic  D i s t r i b u t i o n  F u n c tio n  
A s s o c ia te d  w ith  V

We d e n o te  th e  d i s t r i b u t i o n  f u n c t io n  o f  U c o r r e s p o n d in g  to

—  2 —2
( 1 .2 .6  b) by F^(U) w ith  a s s o c i a te d  p a ra m e te r  s p a c e  ( v ,  m, (3̂  , p, ) . 

The c h i - s q u a r e  d i s t r i b u t i o n  f u n c t io n  w ith  m d e g re e s  o f  freedom  i s  

d e n o te d  by F g (U ).

v

( 4 .1 .3 )  P ( s )  -* (1 +  px2 )
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Basmann and R ic h a rd s o n  (1969 a ) hav e  d e r iv e d  th e  e x a c t  f i n i t e  

sam p le  d i s t r i b u t i o n  f u n c t io n  F g (U ).

( 4 .2 .1  a -b )  F3 (U) - [ (

m

1 +  (3 2 \U
1 J2

K f )

;  *  V K f
2 * /m f2 \  / ,nrt-vf2 \  k !

k=0 V 2 / k \  2 / k

/  2 _____
L6 L  /\H-1\  /nrt-v+2 

j =0 V 2 / j \  2 J

X 3F3

v f 2
2

2 » 2

ro fv f l

m fv f2

+  k ;

+  k  +  j ;

—2
JL.
2

=» 0 o th e r w is e
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(Basmann and R ic h a rd s o n , 1969a, p .  2 0 ) .  Fg(U ) i s  g iv e n  by

m
m  2  »  (B \  /  2 \

( 4 . 2 . 2  a - b )  f 3 (U) -  I  ^  2 >
ro+2 \  k !

k=0 \  2 Jk

0 ^  U <  «>

= 0 o t h e r w i s e .

D e s ig n a te  th e  e x p r e s s io n  in  c u r l e d  b r a c e s  in  ( 4 .2 .1  a ) by S ( k ) .  By

u s e  o f  (A .2) and (A .4 ) we have

-2  
.  IL.

( 4 .2 .3 )  S (k )  = e 2
X

p=°

- 2  p

Q t)

( * i)p( = f i +k)

X 2F2

m , 1
2 > 2 P *

v+1 . m+\H-2 . , .
T ~  +  P> — 5—  +  k +  p ;

-  2-2
Pi M-

By (A .2 ) ,  ( A .4 ) ,  and (A .13) we can  w r i t e  ( 4 .2 .3 )  as

-2

( 4 .2 .4 )  S(k) = e
u 00
2 V  (2 +  k)n

Lx ( v f l \
n=0 \  2  Jxx

I  "r 2_2\ n

( . i f )
n l



www.manaraa.com

I f  v f l  . Y f mf vf2 . , 
q=0 + ^ q V T "  + /q

B 2“ 2 *(h±
\  2

x 2f 2

vf2 m fv f l . ,
—  » 2 *

v f l  . mfvf2 . , .
—s— +  n +  q , —  +  k  +  q ;

- 2
±L_
2

Now, by (A . 18) we have

( 4 .2 .5 )  l im  S (k )  = l im  e
-2  —2Ji -+00 p, -too

-2  
_ 1L. “

2

-  2-2 n
(  91 11 ' '
\  2 J

n=0

r 2 + k N'V2 + Jn „
X T - r r x   „F

ffln 2 2

Vf2 m fv fl , .
o > O +  K>

v f l  . mfvf2 . ,+  n ,  — r—  +  k ;

-2
14-
2

Then by u s e  o f  (A .2 ) ,  ( A .4 ) ,  and (A .23) we o b ta in

( 4 .2 .6 )  lim  S (k )  = l im  e
-2  -2(j, -tm jj, -loo

-2  
_ 14-

2

;  . f t
X L   ̂v f 1*\ ( mf v f  2 . p i

p«0 ^ 2 /p \  2 /p
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By (A .2 ) ,  ( A .4 ) ,  and (A .22) we th e n  o b ta in

( 4 .2 .7 )  S (k )  -» (1  +  px2) 2

m

1
nrf-vf-2

-2as  (j, “♦ co.

By (A .5) we can w r i t e  ( 4 .2 .7 )  as

( 4 .2 .8 )  S (k )  -♦ (1  + k r  r r r ^ M -  
L W/V f2 \„ iW v b l

-2a s  p, -* oo .

Then from  ( 4 . 2 . 1 ) ,  ( 4 . 2 . 2 ) ,  ( 4 . 2 . 8 ) ,  and (A .2) we can  deduce

( 4 .2 .9 )  F3 (U) ->F3 (U)

-2as  p, - * 00.

4 .3  The A sy m p to tic  D i s t r i b u t i o n  F u n c t io n  
A s s o c ia te d  w ith

We d e n o te  th e  d i s t r i b u t i o n  f u n c t io n  o f  U c o r r e s p o n d in g  to
— 2

( 1 .2 .6  a )  by F^(U ) w ith  a s s o c i a te d  p a ra m e te r  s p a c e  ( v ,  m, 8  ̂ ,
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The c h i - s q u a r e  d i s t r i b u t i o n  f u n c t io n  w ith  nH-v d e g re e s  o f  freedom  

i s  d e n o te d  by F ^ (U ).

Basmann and R ic h a rd so n  hav e  d e r iv e d  th e  e x a c t  f i n i t e  saiqp le

d i s t r i b u t i o n  f u n c t io n  F ^ (U ) .

( 4 .3 .1  a -b )  F4 (U) = [ ( i + V ®

mfv 
n 2

I  I  /nH-v\  /nrt-vf2v\ n 1 r l
n=0 r =0 \  2 / n \  2 /n + r

/ m fv f2~\ k l
\  2 Jk

X 1e

-2
Ml.
2

CO  0 0

{*  2 I  I
s=

. , N\ /  v \ / nH-v ,+  k ; r -  +  n +2 M 2 *  /q  \ 2~/ s \~2
/nH-v+2

0 q=0 \  2 + k / nH-V . V /V t iN
AT + "MTVs+q

-  2 -2  S+q 

( - M )
s 1 3F3

Vf2 . , 1 . nH-vfl
T +  k - 2 +  q > ~ 2 ~

1 __
2 * 2

V+l . mfv+2 . , .+  s +  q , — r—  + k +
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0 ^ u <  oo

= 0 o th e rw is e

(B asm ann, E b b e le r ,  and R ic h a rd s o n , 1970, p p .  19 -20 )

F^(U ) i s  g iv e n  by

( f ) 2 ;  O f V - f /( 4 .3 .2  a - b )  F4 (H) -  2r .

V 2  /  r = 0  V 2  / r

0  =  U <  00

=  0  o t h e r w i s e .

D e s ig n a te  th e  e x p r e s s io n  in  c u r l e d  b r a c e s  in  ( 4 .3 .1 a )  by T ( n , r , k )  

By u s e  o f  (A .2) and (A .4 ) we have

- 2  t  -  2 -2  s
_ j£  -  -

( 4 .3 .3 )  T ( n , r , k )  = e 2 £  ^
2  J  \  2

t !  s i
t= 0  s=0

/v f 2  . .  \  f v \  / n H - v  .

V ~  +  M ~ ~ 2  / t V 2 ^ s V ~  *  n  +  v ) s  

X (nH-vf2 . , \  /'v f l'\  /'nrt-v . VTvtl™""T  
\ - T -  +  k ) t \ — J t \ —  +  n M ~  + t

X 3F3
ft 2 -2  Pi M-

1  r o f v f 2 +  k  +  t , v f l +  t  +  s ;

j
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By (A .2 ) ,  (A.4 ) ,  and (A .13) we can w r ite  ( 4 .3 .3 )  as

_  2—2 s+q
- 2  3 ' uII CD CD / r*

( 4 .3 .4 )  T ( n , r , k )  = e   ̂ X  X

s =0 q=0

nrt-v

mfv+1

/nri-vf2 V , N i l .  \ . _ . _\
[  2 +  k / p ^2 +  q / p l T ~  +  8 +  %

B 2 u 2 P

(V )
v f 2 ro fv f l

2 > 2 3

F 2 2
+  k  +  p 3 V fl

Now, by (A .2 ) ,  (A .4 ) ,  and (A . 18) we o b ta in  from  ( 4 .3 .4 )

- 2  
_ ±L_

( 4 .3 .5 )  l im  T ( n , r , k )  = l im  e 2
-2  -2
[X (j,

-  X  X  X
t =0 s =0 q=0

/“ 2 .
f
.2
t l

-  2 -2  s+q 

¥ ■ )
s :
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( ^ r  + k / t
'm fvU A  I v \  I'nrt-v ,

t V z M T  +  "  +  r *  k ^q

( ^ + k
t  +  S + q

By (A .29) we can  w r i t e  ( 4 .3 .5 )  as

( 4 .3 .6 )  l im  T ( n , r , k )  = lim
-2  -2
(J, -too p, -**>

- 2
i±_
2

„ t  -Q 2 -2  s+q
»  00 00 /  1 ^ \
V V V \2 ) V  2 )

* L  L  L  t \  s i  q 1
t =0 s =0 q=0

m\ ( 1  . , N / m , x; , . ,f 1-n r , . .
.2 M 2  + M 2 +  n / s  *"r s s 2 M ~ k ) q
m fv f2 ;W v  \  'M  / W l )
. 2 M  2 / s \ 2 /qV 2 M s + q

V fl
2 I  +

m + k ; v f l
2

+ t  +  s +  q ;

- 2  -  2 -2  -  2 -2
ijl -  3. p, -  3. p,
_ > 4___  t
2 2 2

By (A .2 ) ,  (A .4 ) ,  and (A .28) we hav e  from  ( 4 .3 .6 )
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2 1
m fvt-2

+  k ;
ttH-V +  n

-  k ,
1-m 
2 ’

x 2f x

1 
2 ’

- V

-2
as  \i -» oo.

By (A .5 ) we can  w r i t e  ( 4 .3 .7 )  a s

nrt-v

( 4 .3 .8 )  T ( n , r , k )  -» (1  +  p ^ )  2

r r ( ^ + k ) r ( ^ i ) n

xLr( ^ +k)r(*|il)

—r , 2 ^  ®i
-  2
^1 2F1

nrt-v ,2 +  n ;

- 2as p, -+ oo.

Then from  ( 4 . 3 . 1 ) ,  ( 4 . 3 . 8 ) ,  and (A .2) we o b ta in
mfy

( - ) 2
( 4 .3 .9  a-b) F4 (») -

. ( a ^ r t )
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I  z

a \  ( mfv'i 
^2 /
S t f  (nH-\H-2\ ~ r I

n=0 r =0 \  2 J r \  2 J n+ r

I
k=0

( - n ) k ( l  +  px2) 
_

-k m
*"2r> 2 +  n j

2F1
m+v

+  n ;

= 0 o th e r w is e

-2a s  p. -><».

By ( A .l )  and (A .4) we have
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f R e p la c in g  k  by k+p on th e  r i g h t  s id e  in  ( 4 .3 .1 0 )  and m aking u se  

o f  (A .7) we o b ta in

( 4 .3 .1 1 )  £

-k
( - n ) k ( l  +  )

_

k=0
2F1

2 ’

1-m
2 ;

■ I
p=0 ( f t

B 2 P

(— 3L )  
1+ 3; 2

I
k=0

( - n  +  P )k ( l  +  3X2) 
_

-k

From (A .6) and ( 4 .3 .1 1 )  we have

( 4 .3 .1 2 )  £
“  ( - n ) k ( l  +  3X2)

-k

k !
k=0

F 2 1

,  1-m
- k ,  —  ;

1_ . 
2 ’

*>i2

V
( H % t )1 + 3

I
p=0

(-n)D(1f E)D
p 2 p

( f t

By (A .4 ) ,  (A .8 ) ,  and ( 4 .3 .1 2 )  we can  w r i t e  ( 4 .3 .9 )  a s
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m4-V 

(2) 2
( 4 .3 .1 3  a -b )  F4 (U)

X  X

S') ( \ X(Z  2 -ini U 'r + n
^ n C T V rr t - r  . ( > (h > W

«— — I'm fv \ / m fvt-2 | r ! n!
n=0 r =0 \  2 / n \  2 / n+ r

X

B 2V
P1 J

(  n>f v , 
s =0 I T  + ”

s 1

0 5 U  < ®

= 0 o th e rw is e

-2
a s  (J, -4 a > .

R e p la c in g  x_ by r - n  in  ( 4 .3 .1 3  a ) and m aking u se  o f  (A .2) and (A .7) 

we w r i te  ( 4 .3 .1 3 )  as

mf v
A J\ 2

( 4 .3 .1 4  a -b )  F (0 )

rrT“y

® /m fv \ (  U\
V  V 2 J rV  2 /

X A  / m fvf2'\ r  I
r =o r - y v r
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I  X
n=0 s =0

( n ± A  
\  2 /  rri-s

C- ) 5 ^ 2 ) " 5

n l  s i

0 ^  U <  00

= 0 o th e rw is e

- 2
a s  [j, -+oo.

R e p la c in g  £  by s -n  in  ( 4 .3 .1 4  a ) and m aking u se  o f  (A .7) we w r i t e  

( 4 .3 .1 4 )  as

irri-v

(:
( 4 .3 .1 5  a -b )  F (U) -» -

4  r

{ S ± v )  i _ UN,r  
\  2 J r \  27 
/'mfvf2Nj r 1 
V 2 /r

X
s =0

/  \  l m )
s \ 2 / s

, mfv\ 
V—  J a

s : n=0

0 ^  U < oo

-2as  -> eo.

= 0 otherwise
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From ( 4 . 3 . 1 ) ,  ( 4 . 3 . 2 ) ,  ( 4 . 3 . 1 5 ) ,  and (A . 16) we can  deduce

( 4 .3 .1 6 )  F4 (U) -* F 4 (U)

-2as  |i -» co.



www.manaraa.com

75

CHAPTER 5

APPROXIMATIONS OF THE DISTRIBUTION FUNCTIONS 
FOR THE GCL STRUCTURAL VARIANCE ESTIMATORS

5 .1  A p p ro x im a t io n s  o f  t h e  E x a c t  F i n i t e  
Sample D i s t r i b u t i o n  F u n c t io n  A s s o c ia t e d  

w i th  Vg

E b b e l e r  and McDonald (1969) have  d e r i v e d  t h e  f o l l o w in g  e x ­

p r e s s i o n  f o r  F2 (U) -  F2 (U) m aking u s e  o f  an a s y m p to t i c  e x p a n s io n  

f o r  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n s  due t o  S l a t e r  ( S l a t e r ,  1960,

p . 6 0 ) :

( 5 . 1 . 1  a - b )  F2 (U) -  F2 (U) ~

£  U
I  2 (  W  "  2

( _ L _ )  \  2 /  e 2 ( v - 1 )

1 + P 1
- 2  r ( v \
H r V2

S-2  2 - n

X I  ( ¥ ) „  § - )
n=0

I
r*0

0 2 r
P1

< - > r ( ¥ ) r k  +
(2 )  r  I

r
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I
s =0

0  5  U <  00

= 0 o t h e r w i s e

( E b b e le r  and M cDonald, 1969, p .  8 ) .

From ( 5 . 1 . 1 )  we o b t a i n

( 5 . 1. 2  a -b ) d_
dU F0 (U) -  F 0 (U)L 2

u
2

r ( 2

x * 1  ( ¥ ) „  ( ? )

2 \ - n

n=0

r =0

B 2

T ? )
X r V I  < - > r ( ^ ) r V l  + ' *1

L (2)
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”  I

( - n ) . ( 4 * )  (a  A 2 )
A 2 / r

(2).
r =0

0 ^  U <

= 0 o t h e r w i s e  

( E b b e le r  and McDonald, 1969, p .  9 ) .

From ( 5 . 1 . 2 ) ,  i f  we n e g l e c t  pow ers o f^ —2^ g r e a t e r  t h a n  o n e ,  t h e  

f u n c t i o n  F2 (U) -  F^CU) a c h ie v e s  an  e x tre m e  v a l u e ,  w hich  m ust be a 

maximum, f o r  U ~

We t h e r e f o r e  b a s e  a d e c i s i o n  on a p p ro x im a t in g  F2 (U) * 2 ^  ° n

t h e  v a lu e  o f  -  F2 ( v)5 i , e * when F2 ^  " F2 ^  iS su ff ic ien t ly

s m a l l  (an  a r b i t r a r y  s p e c i f i c a t i o n )  we a p p ro x im a te  F ^ ^ )  by F2 CU) . We 

n o te  t h a t  F2 (v )  -  F 2 M  i s  n e v e r  n e g a t i v e .  Basmann and R ic h a rd s o n  

(1 9 6 9 b ,  p p .  2 9 -3 1 )  have  shown t h a t  F2 (U) a  F2 ^  ^o r  a U -  0* 

E b b e l e r  and McDonald (1969) have  i n v e s t i g a t e d  a l t e r n a t i v e  

a p p ro x im a t io n s  t o  F2 (U) f o r  t h o s e  c a s e s  when F2 (v )  ” F2 ( v ) h 38 an 

u n a c c e p t a b l e  v a l u e . The two m ethods u sed  w ere  t h e  method o f  moments 

( K e n d a l l  and S t u a r t ,  1963, p p .  148-152) and w hat was te rm e d  t h e  

m o d if ie d  method o f  moments ( E b b e le r  and M cDonald, 1969, p .  12) i n
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o r d e r  t o  s p e c i f y  gamma d i s t r i b u t i o n  f u n c t i o n s  w hich a p p ro x im a te  

^ ( U )  . Basmann and R ic h a rd s o n  (1969b) have  d e r i v e d  t h e  f o l l o w in g  

e x p r e s s i o n  f o r  t h e  moments o f  V2 :

( 5 . 1 . 3 )  E[V2 ] =
2 ■ n( j+ h

r (1)

" 2\ J
f-)

I
j=o

i F i

v + l  , , ,  .
2  J ’ -  2 - 2

M-

v f l  2
2  J ’

(Basmann and R ic h a r d s o n ,  1969b, p .  1 5 ) .

The gamma d i s t r i b u t i o n  f u n c t i o n ,  G(U), w i th  a s s o c i a t e d  p a ra m e te r  

s p a c e  ( a ,  b)  i s  s p e c i f i e d  by

( 5 . 1 . 4  a - b )  G(U) T (a + 1) F1 1

a ;

a +  1 ;

U
b

0 S U <  00

= 0 o t h e r w i s e

The moments f o r  a random v a r i a b l e ,  U, d i s t r i b u t e d  as  t h e  gamma d i s ­

t r i b u t i o n  a r e  s p e c i f i e d  by

( 5 . 1 . 5 )  KCnh ] -  bh
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We have  th e n  two m ethods o f  com puting  F2 (U ), by u s e  o f  ( 4 . 1 . 1 )  

and by u s e  o f  ( 4 . 1 . 2 )  and ( 5 . 1 . 1 )  t o g e t h e r ;  we have  t h r e e  m ethods 

o f  a p p ro x im a t in g  F3 (U ), by u s e  o f  ( 4 . 1 . 2 )  and by t h e  two p r o c e d u r e s  

making u s e  o f  ( 5 . 1 . 3 ) ,  ( 5 . 1 . 4 ) ,  and ( 5 . 1 . 5 ) ;  and by u s e  o f  ( 5 . 1 . 1 )  

we can  compute F ^ ( v) -  F ^ C ^ ) .  Computer p rogram s i n  t h e  F o r t r a n  IV 

la n g u a g e  w i t h  d o u b le  p r e c i s i o n  r e a l  v a r i a b l e s  h a v e  been  w r i t t e n  

s u i t a b l e  t o  i n v e s t i g a t e  e a c h  o f  t h e  s i x  c o m p u ta t io n a l  p r o c e d u r e s  

i n d i c a t e d  a b o v e .  Some r e s u l t s  o f  t h e  c o m p u ta t io n s  a r e  p r e s e n t e d  in  

6 . 1 .

5 .2  A p p ro x im a tio n s  o f  t h e  E x a c t  F i n i t e  
Sample D i s t r i b u t i o n  F u n c t io n  A s s o c ia t e d  

w i th  Vg

By r e p e a t e d  a p p l i c a t i o n  o f  ( A .11) we o b t a i n

v f 2 1
2 * 2 +  j

nrt-vf 1

( 5 . 2 . 1 )  3F3

rofiH-2

- 2
JA_
2

mf v f  1

l o  m 4 ♦

- 2x r

r

nrt-vf2

2 n s
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x F 
X 1 1

n v fV + 2

nrt-NH-2

+  k ;

+  k +  j +  r  +  s ;

-2
JA-
2

The a s y m p to t i c  e x p a n s io n  o f  t h e  c o n f l u e n t  h y p e rg e o m e t r ic  f u n c t i o n  

i n  ( 5 . 2 . 1 )  i s  a p p ro x im a te d  by

( 5 . 2 . 2 )  1F 1

mfv+2
2

hH-nH-2

+  k ;

+  k +  j  +  r  +  s ;

-2
u, 0 - l - r - s

° 2 ( f - )  + j+ r + s

S - l

X
t= o

t !

( S l a t e r ,  1960, p .  6 0 ) .

-2
I n  ( 4 . 2 )  we showed t h a t  F^(U) -* F ^ U )  a s  p, -*<*>. Then from  ( 4 . 2 . 1 ) ,

( 5 . 2 . 1 ) ,  ( 5 . 2 . 2 ) ,  and (A .2) we have

( 5 . 2 . 3  a - b )  F3 ( U ) - F 3 ( U ) ~  £ §
V-
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r i m r T O i

I
^  r  p 2 \u~,k
K 2 J k \  2  J k L  V p i  / f j
^nH-2 ^ / nH-\H-2 j  k!

k=0 \  2 J k  \  2 ) k

/  nrf-v
V 2 + k

I
j .O

( .  H 2 'k h ; -  s

i— )V 2 /j

i L _ ! u

I (i) (»±+
r =0 \ 2 ' r \  2

v f l>  , /nrt-vfl . ,
— + k

X
s =0

; *■ . i i to i , •
V" 2 r ^ s l "  2 ” J
I'M-1 _i_ •^ - 5-  +  J  +  r

s !

= 0 o t h e r w i s e .

By u se  o f  ( A . l )  and (A .5) we have

, \
„  „  V  V 2  T  V s V  2 ~ "■ T  ] J s  ..................... ......
( 5 . 2 . 4 )  i  7 5 r T T 3  —  ( J + r M )

s=0 \ T  + j +r s

( j + r + s )
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_ . . +  .  .  + 3 + r ) ^  + *
( j  r )  / v f 2 . \  Vm+vfl T

r r r  +  J A l “  +  k  +  T )

2 + r) ( - f - f c  + i )  . r ( ^ + j  + r> ( ^ + .
^ + j  +  r )  r ^ + j X 2 t F i + k  +  r }

From ( 5 . 2 . 3 ) ,  ( 5 . 2 . 4 ) ,  and (A .2) we o b t a i n

( 5 . 2 . 5  a -b ) f 3 (u )  -  f 3 (u )  — £ §
M-

LV1 + 8l 2) f ,  

r ( ^ )

m
2

ik=0

m2/k - ( * ♦  V I }
! m £ )
\  2 J k

k l

z
2 j \ \ 2  +

7 * £ )v 2 Ai
1

X [ ( ^  + k)(j+r) + (-  \ + r)(- f  - k + j ) ]
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0 §  U <  <*>

= 0 o t h e r w i s e  .

By u se  o f  ( A . l )  and ( A .8 ) we have

( 5 - 2 - 6 )  I  ( I )  »!
r =0

X ( j + r )  + (  -  i  +  r ) '  -  |  -  k  +  j ) ]  -

r . / nrt-v , . \  1 ( m , , .
2 \  2

+ J ( ¥ ) ]
® T

From ( 5 . 2 . 5 )  and ( 5 . 2 . 6 )  we o b t a i n

m

-2
( 5 . 2 . 7  a - b )  F3 (U) -  F3 (U) a- ^

M-

[ (*  *  V I ?

$ £ )

00 ( s l \  [ J i  + r  2V\H
2̂ /kL  \  P1 72

X  /  nH-2N
k=0 \  2 7k/I

k!
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I
f *

k

; i ( f  + k) + j (v + f  + k);

0 o th e r w i s e

— — 2 —2 
S in c e  F^(U) -  F^CU) i s  an a n a l y t i c  f u n c t i o n  o f  8^ f o r  f i n i t e  p and

F^(U) and F^(U) a r e  r e p r e s e n t e d  by s e r i e s  c o n v e rg e n t  f o r  a l l  v a l u e s

—  2 —  2 
o f  8^ th e  r e s u l t s  w hich f o l lo w  a r e  v a l i d  f o r  a l l  v a l u e s  o f  8 -̂  by

t h e  p r i n c i p l e  o f  a n a l y t i c  c o n t i n u a t i o n  ( C h u r c h i l l ,  1960, p .  2 6 2 ) .

By u s e  o f  ( A .2) and ( A .6 ) we have

oo /'m . \  ! — 2 \

( 5 . 2 . 8 )  i  
j =0

" I 
_ 2

m^ j r + k y  +  j  i^v +  ' j + k iJ J

JL
2

P1 m
^  T  2 /  1+ 8^
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From ( 5 . 2 . 7 ) ,  ( 5 . 2 . 8 ) ,  and (A .2) we o b t a i n

m
(a)2

( 5 . 2 . 9  a - b )  F3 (U) -  F3 (U) =  E f  ' 2

I
k=0

u y
2 / n

i 2
V

1+0

m
2 /  VV + 2 + / 'J

1

= 0 o t h e r w i s e  .

From ( 5 . 2 . 9 )  and (A .2) we o b t a i n

IS □

3D2 2
( 5 . 2 . 1 0  a - b )  F ,(U )  -  F (U) ~  - 2  (m \

J J  |i 1 \ 2 /

f (  P1 \
X i 1 -  ! — —- “ j im +  2 v -  U j j

0 ^  U < OD

= 0 o t h e r w i s e  .
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1
From ( 5 . 2 . 1 0 )  we obta in

( 5 . 2 . 1 1  a -b )
dU LF3(U) - r3cu)j

('

Kf)
r ; * 2
l V1+8h )

S j 2
1 -  2 (m + vfl)  [ _ '2

1+ PX
U

-  m 1 -  (m + 2 v) ( - — 2 )  ]  } 
L 1+PX

0 §  U < »

= 0 o t h e r w i s e  .

We n o t e  t h a t  when 8  ̂ = 0 we o b t a i n  an ex tre m e  v a l u e  w hich  m ust be a

— 2
minimum f o r  U ~  m. F o r  8 -̂  ^  0 t h e  ex tre m e  v a l u e s  o c c u r  a t  t h o s e

v a l u e s  o f  U >  0 w hich  s o lv e  t h e  q u a d r a t i c  e q u a t i o n  o b t a i n e d  by s e t t i n g  

e q u a l  t o  z e r o  t h e  e x p r e s s i o n  i n s i d e  c u r l e d  b r a c e s  i n  ( 5 . 2 . 1 1 a ) .

L e t  S be  t h e  s e t  o f  U 's  ( a t  m ost two) w hich  d e te r m in e  t h e  e x tre m e  

v a l u e s  o f  Fg(U) -  F ^ (U ) .  We b a s e  a d e c i s i o n  on a p p ro x im a t in g  F^(U) by
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F (U) on t h e  v a l u e  o f  MAX | F (U) -  F (U) | ;  i . e .  when MAX | F (U) -
3 USS U©

F^(U) | i s  s u f f i c i e n t l y  s m a l l  (an  a r b i t r a r y  s p e c i f i c a t i o n )  we

**“ ha p p ro x im a te  F^CU) by F ^ (U ) .  S in c e  t h e  moments o f  V^, E[V^ J ,  e x i s t

V4-1
o n ly  f o r  h < ~ 2 ~ (Basmann and R ic h a rd s o n ,  1969a, p .  11) i t  i s  n o t  

p o s s i b l e  t o  u se  t h e  m ethod o f  moments t o  a p p ro x im a te  F^OJ) e x c e p t  

f o r  v g  4 .

We can  th e n  u s e  ( 4 . 2 . 1 )  t o  compute F^(U) and we can  u s e  ( 4 . 2 . 2 )

e i t h e r  a lo n e  o r  w i t h  ( 5 .2 .1 0 )  t o  a p p ro x im a te  F ( U ) ; MAX | F (U) -
3 U€S 3

F^(U) | c an  be computed by ( 4 . 2 . 1 )  and ( 4 . 2 . 2 )  o r  a p p ro x im a te d  by 

( 5 . 2 . 1 0 ) .  Com puter p rogram s i n  t h e  F o r t r a n  IV lan g u a g e  w i t h  d o u b le  

p r e c i s i o n  r e a l  v a r i a b l e s  have  been  w r i t t e n  s u i t a b l e  t o  i n v e s t i g a t e  

t h e  c o m p u ta t io n a l  p r o c e d u r e s  i n d i c a t e d  ab o v e .  Some r e s u l t s  o f  t h e  

c o m p u ta t io n s  a r e  p r e s e n t e d  i n  6 . 2 .

5 .3  A p p ro x im a t io n s  o f  t h e  E x a c t  F i n i t e
Sample D i s t r i b u t i o n  F u n c t io n  A s s o c ia t e d

w i t h  V,-------

By r e p e a t e d  a p p l i c a t i o n  o f  ( A .11) we o b t a i n

( 5 . 3 . 1 )  3F3

v+2 , m+v+l 1 ,
2 2 » 2

1 nn-v+2 . , . _ v+-l . _ .
2 » — 2—  q ,  ~ 2 ~  s

- 2  
Ji_ 
2

2 +3+qJ j

. Si
j !
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"  ( -  f  +  s + j j p\ -  f  -  k H- 5 +  q

p-0 + k + q + j ) , , ^  +  s +  5 +  j

-2  p

( t )

x FX 1 r 1

nH-Vf2 +  k -  s ;

2 +  k + <l +  j + P ;

2

m+\rt-2

- 2

2

The a s y m p to t i c  e x p a n s io n  o f  t h e  c o n f l u e n t  h y p e rg e o m e t r ic  f u n c t i o n  

i n  ( 5 . 3 . 1 )  i s  a p p ro x im a te d  by

( 5 . 3 . 2 )  1F 1

m fv f2

mfv+2

+  k -  s ;

+  k +  q +  j  +  p ;

-2
iL.
2

-2 * ^ 
-2\ - s - q - j - p  r r * +  k +  q +  j + p y

r ( s ± | t 2 +  k  .  , )( f ) ‘

S - l

I
t =0

( s + q + j+ p ) t ( -  -  k +  s ) t  . - 2 ^  t

t i  \ 2  /

-2
( S l a t e r ,  1960 , p .  6 0 ) .

I n  ( 4 . 3 )  we showed t h a t  F^(U) -► F^(U) as  pT -* a>. Then from  ( 4 . 3 . 1 ) ,

( 5 . 3 . 1 ) ,  ( 5 . 3 . 2 ) ,  and ( A .2) we have
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r( 1 +  1
( 5 . 3 . 3  a -b )  f 4 (U) -  F4 (U) ~  £ §  *

rofv
2

—2 1-/nH-\H-2 '\
n a - ! - J

nvfv+1

I  2
n=0 r =0

( i Ni (H±v)
\ 2 /n  \ 2 / n+r (->J
f Tn+V ; ( nri-vfiX
\  2  J n \  2  J

A 1 +  pi 2) f

-n+r

r  I
n+r

X
k=0

k i

X  X
s =0 q=0

N ,'V\ /m+v 
t - r -  + n +  r

! n + V  ,
It  +

\ + i T
.  ( -  pi

I  2 Xs+q

— 2^s+q 

s !  q 1

m+v\  , s (
+ s +  q j .

X
( -

m
+  S +  J j p l ’  J  -  k  +  s +  i X

+  S +  q +  j Y/p
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( s  +  q +  j  + +  k -

r. j rrH-V+2 , , _ \
^■~2 " V

0 i U < »

= 0 o t h e r w i s e  -

By use  o f  ( A . l )  and ( A .5) we have

( 5 . 3 . 4 ) I
p=0

m

w +

+ s + j ) l -  — -  k +  s +  q

p-

( s  +  q +  j  +  +  k -  s

r ( 2± | t 2 + k . ;

(s + q + ( 2 ~  + k -  s ) r ( ^  +  S +  q +  j )

r ^ ± | t i  +  q ) r ( ^ —  + k +  j )

1 + k ~ SX“ I + s + jX" j  - k + s + q)
+  k _ s I  + s  +  q +  j  j

r ^ + 8  +  q + J j r \ 3 p + k 
_ _ _
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I
From ( 5 . 3 . 3 ) ,  ( 5 . 3 . 4 ) ,  and (A.2) we obtain

m+v

. 2 . f r + v i r( 5 . 3 . 5  a - b )  F4 (D) -  F4 (U) =  ^

“  r r i ~ J

I  I  I
n=0 r =0 k=0 \  2 ' n \  2 'n + r

mf v i  /mfv+2 i n l  r !  k!

* I I
s =0 q=0

i±  +  k )  if! +  n + rj \2 ''q\2/s\ 2
f'nrt-v .  ̂ /m+vf 1

+  "  Js  'T T ~

K- ^ 2 ) s+q

00 I nH-v\ . .

L  j i
j =0 \ 2 / j

( s + q ' ) y ^ r  +  k -  s )

m
+  ^ T + s a  2

\  ,, m fv - l  . \k + s  +  q j  +  j  ^ ^ —  + q j

0 =§ U <  oo

= 0 o t h e r w i s e .

By u s e  o f  ( A . l )  and (A .8 ) we have
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( 5 . 3 . 6 )

00 ( m fV \ . vv r  ~ A (~q)i
2 , ( I )  j !
=0 \ 2 / j

(s+ q ) \ ^ Y ‘  +
m+v . \

k -  s j

( '  2 +  SX "  f  -  k  +  S + q )  +  j ( 2 ~ — • + q)_  =

(  ro+v+lX
V 2 A 

( i s
\ 2 J  q

/ . xl'v'i , /m+vX . m s , /  ( s + q ) ^  +  q [— j  + -  -  -  + k [ q  +

From ( 5 . 3 . 5 )  and ( 5 . 3 . 6 )  we o b t a i n

( 5 . 3 . 7  a -b ) F4 (U) -  f 4 (u )  ~
-2
-2
P-

m+v

* *  v * f
r (S± |± 2

[ S t i i ) ( )
n=0 r =0 \  2 ' n \  2 / n + r

eicsi
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m
4 + k ( q

o  S u  < CO

= 0 o t h e r w i s e  -

By use  o f  ( A . l )  and ( A .8 ) we have

( 5 . 3 . 8 )  £  ^  2 k T  [  ( s + q ) v l )  +  q ( ^ )  +  f  “ f  +  k i q +
k=0

( - q ) .
( s + q ) ^ - j  +  q(^— y + 4 “ J

+ (q  +  ? )  ( - n )  ( j  +  q)

From ( 5 . 3 . 7 )  and ( 5 . 3 . 8 ) ,  r e p l a c i n g  v_ by r - n  and making u s e  o f  (A .7) 

we o b t a i n

k
>I

3
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( 5 . 3 . 9  a -b ) f 4 (u ) f 4 (u )  ~
-2
-2
M-

jnri-y
2

X  X
n=0 r =0

rrri-v\  / mf \H-2 N\ n I r '.
. 2 A A  2 / r

X  X
s =0 q=0

s I q l

(s+ q) (  P H -v \  

+  ) f - f] <-q).

= 0 o t h e r w i s e .

By u s e  o f  ( A . l )  and ( A .8 ) we have

( 5 .3 . 1 0 )
X

X-r).
Am-v 

n=0 \  2 + s
( s+q ) ©
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From (5

( 5 .3 .1 1

+ J + 4 -  2
m

X <-n) ( i  +  q ) ( - q ) n . 1 }  -

r + %

' , J » \  , I nH-\A , m - f ]

/m fv
+ S +  T Jq

V 2 +  % + l
q + 2A2 + «U <r>

, 3 .9 )  and ( 5 . 3 . 1 0 ) ,  by u s e  o f  (A .2) we o b t a i n

a - b )  F4 (U) -  F4 (U) -  f §
M-

.  K *  +  V I I

mfv 
, 2

v  (“r ) r  . A  -  V I
Zj ( mf v f 2 \  r l

r =0

00 ® ' v )
/  Y  Y  \ 2 / q  v2/sV  2
i  L  i i  , nH-V j

s =0 q=0 \  2 '  s-fq

+  r
«±a v-12 2

q'.
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, . . '5WJ&+4+0 . (-V)"’
+  > > W \    5 TI  I

s =0 q=0 '% 2 / s + q + l

X ( t )  (q + § ) ( |  + q) }

0 S U < 00

= 0 o t h e r w i s e

By u se  o f  ( A . l ) ,  (A .6) ,  (A .7 ) ,  and (A .8 ) we have

v \  /m+v

(5 3 12) Y  2 ■ +  r - a ’ i l i i( 5 . 3 . 1 2 )  ^  ; j w \  s i
s =0 \  2 /s

; V - l \  . /nH-VhlN . m -]
K— J + J + 4 J

-  (1 + \ 2 )

nri-v
2

[ ! + ( ■
v - 1

2
rafv

2 +  r
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+  2 l ~ 2  )  ( ~ = ~ 2 A ~ +  r  A t v J

I f

and making u s e  o f  ( A .14) a l s o ,  we have

(5 .3 .1 3 )
I

s =0

mfv
2̂ / SV 2 + r

/' -  2 \  
v -  e, )i  /

/ m fv\\ 2 /s+ 1
s I

mfv
— 2 \ 2 r  oo ■ mfv , \

1 +  h  )   f  m V  ^ 2 +  T ' s  • (
/ mfv \  L 4 L  / m fv f2 \  V\ 2 / s =0 V 2 J s

— 2 .m fvx m fvf 2 \
m / gl N • W A 2 J r

" 2 V 2 /  V -  2/ mf vf2\, mfv\
2 / r

00 / nrt-vf2 \  — 2
Y  x 2 +  r ^s ‘ Z— 1— X' 
Z» /mfvf  ̂ V — 2 )

s=0 V 2 Js 1+0l
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m ( ■
2 V

-  2 [ mfVf4Z
m f2V  ^ . W  A  2 )i

00 ( nH-vf-4 , r ) o 2 ,

y  V , 2 , + rA  . ■ J i i  -| 
L  , mf\>f6 \  \  “  2 /  J

s =0 \  2 / s  +P1

—  — 2 —2 
S in c e  F^(U) -  F^(U) i s  an a n a l y t i c  f u n c t i o n  o f  p^ f o r  f i n i t e  p

and F^(U) and F^(U) a r e  r e p r e s e n t e d  by s e r i e s  c o n v e rg e n t  f o r  a l l  

— ?
v a lu e s  o f  P^ th e  r e s u l t s  w hich f o l lo w  from  ( 5 .3 .1 2 )  and ( 5 .3 .1 3 )

-  2
a r e  v a l i d  f o r  a l l  v a l u e s  o f  P^ by t h e  p r i n c i p l e  o f  a n a l y t i c  c o n ­

t i n u a t i o n  ( C h u r c h i l l ,  1960, p .  2 6 2 ) .  R e p la c in g  £  by s - q  i n  ( 5 .3  

and making u s e  o f  ( A . l ) ,  (A .7 ) ,  ( 5 . 3 . 1 2 ) ,  and ( 5 .3 .1 3 )  we o b t a i n

mfv

- 2( - )  2
( 5 . 3 . 1 4  a - b )  F (U> -  F4 <D) =  _ 2

p  r ^—— )

!  I

_  / t - r
V 2 / r _

r l
r— ' . ( - 1)

r =0 \  2 / r

. 11a)

*  ( ^ X ^ C X T ) • ' 1
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m /  mfv+1 \  /  31 \  2

"  2 1  2 h + \ 2 -

2. U

+

!  oo (  m fv \  (  U ' r
U 7  V  ^ T 7 r  .  V " 2
Aftfv X  f  m+vf2 V  r
\  2 /  r =0 V 2

/nrt-vf2 j

-  2 co /  u

^  X  ^
i + e i '  h >  r -

v

nHry+2 \  -  2 *
V V 2 + r js ■' 31 N
L  f nH- v+4 N L -  2 )

s =0 I  2 J s  1+31

P 2

^m\^nri-3NA n — 1}  _  UN-r
2 A  r h ^ i '  y  n i l

,'nri-v4-2y „ r !r =0

00 /nH-vt-2 y — 2
V  V T - + r J s  f A _ )
L  f s ± v t i xj ' A . r

s =0 V 2 ) s  1 + h

f  U'\
\  2 J r  . \  2J  
( mf v+2\  r  I
V 2 2r
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oo /mfvfA. \  — 2 s
V  l ~ T ~  +  V s  - J L _
L  (W vrf\ V -  2

s=0 \  2 ) s  1+pl

0 S U < 00

= 0 o t h e r w i s e  -

From ( 5 .3 .1 4 )  by u s e  o f  (A .4) and ( A .8 ) we o b t a i n

( 5 . 3 . 1 5  a -b )  F4 (U) - f 4 (d >

mfv

- 2 ( ^\ 2 J
2 /m fv f2 '

m- n, ( s a | f 2 )

Cmy eX 14

U
2 . 1

' m' 
v2A 2

1
4 %/, V -  2 ;

i + e 1 7

-  2

Bl ")
S -  2 /

2 ) 1+ 8^

! m fvf2 /
V 2 / s =0

v -  (mfv)
21

1F 1

m fvf4
2

mfvf4

+ s ;

U
2

i h
2 2

X -  l ) W
/m fv f  2 I 4

s=0 1+p,
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m fvf  6 
2

m f v f 4

+ s

U
2

We have

0 £  u <  a>

= 0 o th e r w i s e

( 5 . 3 . 1 6 )  Y

- 2  

(-4-
s=0 1+P12

1F1

m f v f 4

2

m f v f 4

+ s ;

=  e

U
2

s =0

B 2
h  \

i + P 2

i F i

m f v f  6

m f v f 4

+  s ;

U
2

From ( 5 .3 .1 5 )  and ( 5 .3 .1 6 )  we o b t a i n
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From (5

( 5 .3 .1 8

X i m +  ^— Z T o )  I v " Cnh*'v) 
1+^1

, m(mf2 ) . n ]  1
+ (m fv f2 ) U J  J

0 5 D < »

= 0 o t h e r w i s e  .

. 3 .1 7 )  we o b t a i n

a -b ) d_
dU [ f 4 (U) V U).

—— -  1 u
2 -  f  O 2

\ 2 j ___________e /  2 /  P1 \  [~m(mf 2 ) j

s^ 2 r ( 2^ )  1 \ + \ 2 j  Ljn+Vf2 J

+  U (  *1 N 
m +  V1+-  2 )  [  V ■ ( m f v ) 2

r  pi  '-  m (mf2 ) ] j  -  (mfv) I m +  ^
l+p^

X [  v  -  (m fv ) ]2 n 1 1
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0 ^ u <  ®

= 0 o th e r w i s e  .

—  2
We n o te  t h a t  when = 0 we o b t a i n  an ex tre m e  v a lu e  w hich  must be

—  2
a minimum f o r  U =• m fv . F o r  g^ ^ 0 t h e  ex tre m e  v a l u e s  o c c u r  a t  

t h o s e  v a l u e s  o f  U > 0 w hich  s o lv e  t h e  q u a d r a t i c  e q u a t i o n  o b t a i n e d  

by s e t t i n g  e q u a l  t o  z e r o  t h e  e x p r e s s i o n  i n s i d e  c u r l e d  b r a c e s  in  

( 5 . 3 . 1 8 a ) .

L e t  S be t h e  s e t  o f  U 's  ( a t  m ost two) w hich  d e te r m in e  th e  

e x tre m e  v a l u e s  o f  F^(U) -  F ^ (U ) .  We b a s e  a d e c i s i o n  on a p p ro x im a t in g  

F .(U )  by F ,(U )  on t h e  v a lu e  o f  MAX | F .(U )  -  F ,(U )  | ;  i . e .  when

MAX | F , (U )  -  F ,(U )  | i s  s u f f i c i e n t l y  s m a l l  (an  a r b i t r a r y  s p e c i f i c a -  
U€S

t i o n )  we a p p ro x im a te  F^(U) by F ^ ( U ) . S in c e  t h e  moments o f  V^,

E [ V ^ ] ,  e x i s t  o n ly  f o r  h <  (Basmann, E b b e l e r ,  and R ic h a rd s o n ,

1970, p .  14) i t  i s  n o t  p o s s i b l e  t o  u s e  t h e  method o f  moments t o

a p p ro x im a te  F^(U) e x c e p t  f o r  v 5  4 .

We can  th e n  u s e  ( 4 . 3 . 1 )  to  compute F^(U) and we can  u s e  ( 4 . 3 . 2 )

e i t h e r  a lo n e  o r  w i t h  ( 5 .3 .1 7 )  t o  a p p ro x im a te  F , ( U ) ; MAX j F ,(U )  -
* U€S

F^(U) J can  be  computed by ( 4 . 3 . 1 )  and ( 4 . 3 . 2 )  o r  a p p ro x im a te d  by 

( 5 . 3 . 1 7 ) .  Computer p rogram s i n  t h e  F o r t r a n  IV la n g u a g e  w i t h  d o u b le  

p r e c i s i o n  r e a l  v a r i a b l e s  have  been w r i t t e n  s u i t a b l e  t o  i n v e s t i g a t e  

t h e  c o m p u ta t io n a l  p r o c e d u r e s  i n d i c a t e d  a b o v e .  Some r e s u l t s  o f  t h e  

c o m p u ta t io n s  a r e  p r e s e n t e d  i n  6 . 3 .
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CHAPTER 6

TABULATIONS OF THE DISTRIBUTION FUNCTIONS 
FOR THE GCL STRUCTURAL VARIANCE ESTIMATORS

6 .1  T a b u l a t i o n s  o f  th e  E x a c t  F i n i t e  
Sample D i s t r i b u t i o n  F u n c t io n  A s s o c ia t e d  w i th  V_2

I n  t h i s  s e c t i o n  we p r e s e n t  t a b u l a t i o n s  o f  F2 (U ), F^CU), and

F2 (U )-F 2 (U) f o r  v =  1, 2 ,  3 ,  4 ,  5 ,  P ^ = .2 5 ,  1 , and p,  ̂ = 10 w here

t h e  t a b u l a t i o n s  a r e  c a r r i e d  o u t  a c c o r d in g  to  ( 4 . 1 . 2 )  and ( 5 . 1 . 1 )

(T a b le s  6 . 1 . 1  -  6 . 1 . 5 ) .  N o t i c e  t h a t  f o r  v = 1, by ( 5 . 1 . 1 )

F2 (U) » ? 2 (U ) .  We t a b u l a t e  F2 (U) and F2 (U) -  ? 2 (U) f o r  v = 1,

- 2  - 2
(3̂  = .2 5 ,  and p, = 10 a c c o r d in g  t o  ( 4 . 1 . 1 )  and ( 4 . 1 . 2 )  (T a b le  6 . 1 . 6 )

f o r  p u rp o se  o f  co m p ar iso n  w i th  t h e  r e s u l t s  o b t a i n e d  by t h e  a f o r e ­

m en t io n e d  m ethod , F2 (U) — F2 OJ) . The c o m p u ta t io n s  f o r  v = 2 ,  3 ,  4 ,  5

have  a l s o  been  made and a r e  com parab le  i n  a c c u r a c y  t o  t h o s e  r e p o r t e d

—  2 —2
h e r e  f o r  v = 1 .  F o r  a l l  v a l u e s  o f  v ,  8  ̂ , p , and U w hich  w ere  i n ­

v e s t i g a t e d  t h e  c o m p u ta t io n  em ploy ing  ( 5 . 1 . 1 )  was s i g n i f i c a n t l y  f a s t e r  

t h a n  t h a t  m aking u se  o f  ( 4 . 1 . 1 ) .

From ( 5 . 1 . 2 )  we o b t a i n e d  t h a t  t h e  maximum v a lu e  o f  F 2 (U) -  F£(U)

o c c u r s  f o r  U — v .  In  T a b le  6 . 1 . 7  we p r e s e n t  t a b u l a t i o n s  o f  ? 2 (v )  -  

—  —  2 —2
F2 (v )  f o r  v = 2 ,  3 ,  4 ,  5 ,  = .2 5 ,  1, and p, = 10, 20 , . . . ,  90 , 100,

150 , 200 , . . . ,  4 5 0 ,  500 a c c o r d in g  t o  ( 5 . 1 . 1 ) .

2
In  T a b le  6 . 1 . 8  we p r e s e n t  t a b u l a t i o n s  o f  E j j i^ ]  and ] ,

—  S 3  « K  _  2 — *2
( a , b ) ,  and ( a ,  b )  f o r  v = 1 , 2 ,  3 ,  4 ,  5 ,  (3̂  = .2 5 ,  1 ,  and p, = 10.
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( a ,  b)  a r e  v a l u e s  o f  t h e  p a ra m e te r s  o f  t h e  a p p ro x im a t in g  gamma d i s ­

t r i b u t i o n  f u n c t i o n  as d e te rm in e d  by t h e  method .&£. moments (K e n d a l l
ea a

and S t u a r t ,  1963, p p .  148-152) and ( a ,  b)  a r e  v a l u e s  as d e te rm in e d  

by t h e  m o d if ie d  method o f  moments ( E b b e le r  and McDonald, 1969, p .  1 2 ) .  

I f  we r e p l a c e  U by 2U/b and v by 2a in  ( 4 . 1 . 2 )  we o b t a i n  t h e  f u n c t i o n a l  

form  d e f i n e d  by ( 5 . 1 . 4 ) .  T h e r e f o r e  ( 4 . 1 . 2 )  and ( 5 . 1 . 1 )  can be 

employed t o  compute G(U) and F2 (U) -  G(U) by th e  two m ethods o f  

moments d i s c u s s e d  (T a b le s  6 . 1 . 9  -  6 . 1 . 1 2 ) .  We om it t h e s e  t a b u l a t i o n s  

f o r  v = 1 s i n c e  we have shown t h a t  F2 (U) — F2 (U) when v = 1 r e g a r d ­

l e s s  o f  o t h e r  p a ra m e te r  v a l u e s .

I f ,  i n  a g iv e n  a p p l i c a t i o n ,  we have s p e c i f i e d  t h a t  we u s e  F2 (U)

t o  a p p ro x im a te  ^ ( U )  o n ly  i f  F2 (U) -  F ^ U )  < e, e > 0 ,  and h a v in g

— 2 — 2 —2 —2 — 
e s t i m a t e d  by and p by p we o b t a i n  t h a t  ~ F £ (v )  ^  e,

we have  t h e n  s e v e r a l  a l t e r n a t i v e  m ethods o f  a p p ro x im a t in g  F2 ( U ) . We

—  2  —2
may compute F2 (U) f o r  V , (3̂  , p and we may u se  e i t h e r  method o f

-  2 —2
moments t o  a p p ro x im a te  F2 (U) f o r  v ,  p , p . W hether we u se  a com­

p u te d  F2 (U ) ,  a gamma d i s t r i b u t i o n  f u n c t i o n  a p p ro x im a t io n ,  o r  u s e

F 2 (U) as an  a p p r o x im a t io n ,  t h e  s e l e c t e d  d i s t r i b u t i o n  f u n c t i o n  i s  th e n  

employed i n  t e s t s  o f  h y p o th e s e s  in v o lv in g

For  more e x t e n s i v e  t a b l e s  s e e  t h e  a r t i c l e  by E b b e le r  and 

McDonald, 1969.
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TABLE 6 . 1 . 1

F 2 (U ):  v = 1

u f 2 (u)

.1 .2481

.2 .3453

.3 .4162

.4 .4730

.5 .5207
1 .0 .6825
1 .5 .7795
2 . 0 .8426
2 .5 .8857
3 .0 .9170
3 .5 .9385
4 .0 .9540
4 .5 .9664
5 .0 .9745
5 .5 .9805
6 . 0 .9860
6 .5 .9900
7 .0 .9914
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TABLE 6 . 1 . 2

F2 ( U ) :  v  = 2 ,  v2 = 10

—  2 —  2 
V  = *25 3, = 1

U F (U)  k---------- --------- ----------- ----------
2 f 2 (u ) F2 (U ) -F 2 (U) f 2 (u) f 2 ( u ) - f 2 (i

.5 .2214 .2257 .0044 .2318 .0104
1 .0 .3932 .4001 .0068 .4096 .0164
1 .5 .5279 .5359 .0080 .5472 .0193
2 . 0 .6319 .6403 .0084 .6522 .0203
2 .5 .7136 .7219 .0082 .7336 .0200
3 .0 .7774 .7851 .0077 .7963 .0189
3 .5 .8259 .8329 .0070 .8433 .0174
4 .0 .8649 .8712 .0063 .8806 .0157
4 .5 .8944 .9000 .0055 .9083 .0139
5 .0 .9174 .9222 .0048 .9296 .0122
5 .5 .9364 .9406 .0042 .9470 .0106
6 . 0 .9500 .9536 .0036 .9591 .0091
6 .5 .9606 .9637 .0030 .9685 .0078
7 .0 .9702 .9727 .0025 .9768 .0066
7 .5 .9762 .9784 .0021 .9818 .0056
8 .0 .9810 .9828 .0018 .9857 .0047
8 .5 .9862 .9877 .0015 .9901 .0040
9 .0 .9886 .9898 .0012 .9919 .0033
9 .5 .9906 .9916 .0010 .9934 .0028
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TABLE 6 . 1 . 3

F2 ( U ) :  v = 3 ,  = 1 0

—  2 —  2
3, = -25 p. = 1

u * .<6 f 2 (u) F2 (U )-F 2 (U) f 2 (u) F2 (U )-F 2 (l

.5 .0811 .0855 .0044 .0921 .0110
1 .0 .1986 .2083 .0097 .2228 .0242
1 .5 .3179 .3318 .0138 .3526 .0346
2 .0 .4274 .4440 .0166 .4689 .0415
2 .5 .5249 .5429 .0181 .5700 .0452
3 .0 .6083 .6268 .0185 .6545 .0463
3 .5 .6787 .6969 .0182 .7241 .0454
4 .0 .7389 .7562 .0173 .7821 .0432
4 .5 .7875 .8035 .0161 .8276 .0401
5 .0 .8284 .8430 .0146 .8650 .0366
5 .5 .8619 .8751 .0132 .8948 .0329
6 . 0 .8880 .8997 .0117 .9172 .0292
6 .5 .9106 .9209 .0103 .9362 .0256
7 .0 .9279 .9368 .0089 .9502 .0223
7 .5 .9419 .9496 .0077 .9612 .0193
8 .0 .9544 .9610 .0066 .9709 .0165
8 .5 .9630 .9687 .0056 .9771 .0141
9 .0 .9700 .9748 .0048 .9820 .0120
9 .5 .9771 .9812 .0040 .9872 .0101

10 .0 .9811 .9845 .0034 .9896 .0085
10 .5 .9854 .9883 .0028 .9926 .0071
11 .0 .9888 .9912 .0024 .9948 .0059
11 .5 .9903 .9923 .0020 .9953 .0050
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u p  / t t \

TABLE 6 . 1 . 4

F2 ( U ) : v = 4 ,  H2 = 10 

J 2 = .25 Pl 2 = 1

f 2 (u ) F2 (U )-F 2 (U) F2 (U) F2 (U )-F 2 (1

.5 .0265 .0292 .0027 .0336 .0071
1 .0 .0902 .0986 .0084 .1121 .0219
1 .5 .1735 .1881 .0146 .2116 .0381
2 .0 .2641 .2842 .0201 .3164 .0523
2 .5 .3555 .3799 .0244 .4187 .0632
3 .0 .4421 .4693 .0273 .5124 .0703
3 .5 .5222 .5511 .0288 .5962 .0740
4 .0 .5944 .6236 .0292 .6691 .0747
4 .5 .6571 .6858 .0287 .7301 .0730
5 .0 .7129 .7404 .0275 .7825 .0696
5 .5 .7601 .7859 .0258 .8251 .0650
6 .0 .8003 .8241 .0238 .8600 .0598
6 .5 .8356 .8573 .0217 .8897 .0541
7 .0 .8638 .8833 .0195 .9122 .0484
7 .5 .8885 .9058 .0173 .9314 .0429
8 .0 .9090 .9243 .0153 .9466 .0376
8 .5 .9247 .9381 .0134 .9574 .0327
9 .0 .9392 .9509 .0116 .9674 .0282
9 .5 .9500 .9601 .0101 .9742 .0242

10 .0 .9590 .9676 .0086 .9795 .0205
10 .5 .9676 .9750 .0074 .9851 .0175
11 .0 .9731 .9794 .0063 .9879 .0148
11 .5 .9778 .9831 .0053 .9902 .0124
12 .0 .9832 .9877 .0045 .9936 .0104
12 .5 .9856 .9894 .0038 .9943 .0087
1 3 .0 .9890 .9922 .0032 .9962 .0072
1 3 .5 .9916 .9942 .0027 .9975 .0060
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TABLE 6 . 1 . 5

F2 ( U ) : v = 5,  i f  = 10

3, 2 = .25
U F (U)    Z------

f 2 (u )  f 2 ( u ) - f 2 (u)z z  z -

.5 .0079 .0091 .0013
1 .0 .0374 .0430 .0055
1 .5 .0869 .0988 .0118
2 . 0 .1507 .1696 .0188
2 .5 .2236 .2491 .0255
3 .0 .2999 .3310 .0311
3 .5 .3767 .4121 .0354
4 .0 .4505 .4887 .0382
4 .5 .5198 .5595 .0397
5 .0 .5844 .6244 .0400
5 .5 .6418 .6812 .0393
6 . 0 .6939 .7318 .0378
6 .5 .7400 .7758 .0358
7 .0 .7790 .8123 .0333
7 .5 .8143 .8449 .0306
8 .0 .8435 .8714 .0279
8 .5 .8686 .8937 .0251
9 .0 .8914 .9138 .0224
9 .5 .9089 .9288 .0198

10 .0 .9250 .9425 .0175
1 0 .5 .9385 .9537 .0153
1 1 .0 .9481 .9614 .0133
1 1 .5 .9580 .9695 .0115
1 2 .0 .9650 .9748 .0099
1 2 .5 .9708 .9792 .0085
1 3 .0 .9771 .9843 .0072
1 3 .5 .9805 .9867 .0061
1 4 .0 .9846 .9898 .0052
14 .5 .9879 .9923 .0044
1 5 .0 .9892 .9929 .0037

F2 (U) F2 (U )-F 2 (U)

.0114 .0035

.0528 .0153

.1194 .0325

.2019 .0512

.2923 .0687

.3832 .0833

.4707 .0940

.5513 .1008

.6236 .1039

.6881 .1037

.7429 .1010

.7903 .0963

.8302 .0903

.8622 .0833

.8901 .0759

.9119 .0683

.9295 .0609

.9453 .0538

.9562 .0472

.9661 .0411

.9740 .0355

.9787 .0305

.9841 .0261

.9872 .0222

.9896 .0188

.9929 .0158

.9938 .0133

.9957 .0111

.9972 .0093

.9969 .0077
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TABLE 6 . 1 .6

F2 (U): v = 1, px2 = .25 ,  j ?  = 10

u F2 (U) f 2 (u) f 2 ( u ) - f 2 (u )

.1 .2481 .2481 - . 0 0 0 0

.2 .3453 .3452 - . 0 0 0 1

.3 .4162 .4160 - . 0 0 0 2

.4 .4730 .4728 - . 0 0 0 2

.5 .5207 .5204 - .0 0 0 3
1 . 0 .6825 .6825 .0001
2 . 0 .8426 .8417 - .0 0 0 9
3 .0 .9170 .9158 - . 0 0 1 2
4 . 0 .9540 .9540 .0000
5 .0 .9745 .9743 - . 0 0 0 2
6 . 0 .9860 .9862 .0002
7 .0 .9914 .9925 .0012
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TABLE 6 . 1 . 8

—2
M ethods o f  M oments: p = 10

e (v 2 ) e ( v 2 )

.25 1 .248 4 .6 6 7

.25 2 .4 4 1 11 .90

.25 3 .5 9 9 21 .5 7

.25 4 .7 3 2 3 3 .5 6

.25 5 .8 4 6 4 7 .8 2
1 .00 1 .991 11.83
1 .00 3 .7 6 3 2 8 .1 0
1 .00 5 .3 9 6 48 .1 3
1 .00 6 .935 71 .43
1 .0 0 8 .393 97 .6 9

a b a b

.5003 1 .995 .5000 1 .996
1 .001 1.950 1.000 1.953
1.503 1 .916 1 .500 1 .919
2 .0 0 4 1.889 2 .0 0 0 1.893
2 .5 0 4 1.867 2 .5 0 0 1.871
.5038 1 .976 .5000 1.991
1 .016 1.852 1.000 1.882
1 .532 1.762 1.500 1.799
2 .0 6 1 1.682 2 .000 1 .7 3 4
2 .5 8 5 1.624 2 .5 0 0 1.679
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TABLE 6 . 1 . 9 a

G(U): ( a , b ) ,  v = 2 ,  ^2 = 10

- 2  —  2
= .25 = 1

u
G(U) F2 (U)-G(U) G(U) F2 (U)-G(U)

.5 .2258 - . 0 0 0 0 .2301 .0016
1 .0 .4003 - . 0 0 0 2 .4091 .0005
2 .0 .6407 - .0 0 0 3 .6535 - . 0 0 1 2
3 .0 .7856 - .0 0 0 4 .7972 - .0 0 0 9
4 .0 .8715 - .0 0 0 3 .8820 - .0 0 1 4
5 .0 .9222 .0001 .9310 - .0 0 1 4
6 .0 .9535 .0001 .9590 .0002
7 .0 .9729 - . 0 0 0 1 .9761 .0007
8 .0 .9837 - .0 0 0 9 .9868 - . 0 0 1 0
9 .0 .9896 .0002 .9922 - .0 0 0 3

U

TABLE 

G (U ): ( I , b ) ,

6 . 1 . 9 b

v = 2 , j ?  = 10 

.25 = 1

G(U) F•2 (U)-G(U) G(U) F2 (U)-G(U)

.5 .2261 - .0 0 0 4 .2336 - .0 0 1 8
1 .0 .4005 - .0 0 0 5 .4119 - .0 0 2 3
2 .0 .6408 - .0 0 0 4 .6543 - . 0 0 2 1
3 .0 .7855 - .0 0 0 4 .7968 - .0 0 0 5
4 .0 .8714 - . 0 0 0 2 .8811 - .0 0 0 5
5 .0 .9221 .0001 .9301 - .0 0 0 5
6 .0 .9534 .0001 .9583 .0008
7 .0 .9728 - . 0 0 0 1 .9755 .0012
8 . 0 .9836 - .0 0 0 8 .9862 - .0 0 0 4
9 .0 .9896 .0002 .9918 .0001
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u

TABLE 

G (U ) : ( a , b ) ,

V

6 . 1 . 10a

v = 3 ,  il2 = 10 

= .25 = 1

G(U) f 2 ( u ) - g ( u ) G(U) F2 (U)-G(U)

.5 .0855 .0000 .0903 .0018
1 .0 .2086 - .0 0 0 3 .2217 .0011
2 . 0 .4443 - .0 0 0 3 .4702 - .0 0 1 3
3 .0 .6271 - .0 0 0 4 .6564 - .0 0 1 9
4 .0 .7567 - .0 0 0 6 .7835 - .0 0 1 4
5 .0 .8434 - .0 0 0 3 .8660 - . 0 0 1 0
6 . 0 .8995 .0002 .9188 - .0 0 1 6
7 .0 .9367 .0002 .9509 - .0 0 0 6
8 .0 .9613 - .0 0 0 3 .9705 .0004
9 .0 .9758 - . 0 0 1 0 .9817 .0003

10 .0 .9840 .0005 .9891 .0005
11 .0 .9902 .0010 .9944 .0004

TABLE 6 . 1 . 10b

G(U) : a , b ) , v = 3 ,  jl2 = 10

U V -
.25

V
= 1

G(U) E■2 (U)-G(U) G(U) F2 (U)-G(U)

.5 .0857 - . 0 0 0 2 .0936 - .0 0 1 5
1 .0 .2089 - .0 0 0 7 .2258 - .0 0 3 1
2 . 0 .4446 - .0 0 0 6 .4723 - .0 0 3 4
3 .0 .6272 - .0 0 0 5 .6570 - .0 0 2 5
4 .0 .7567 - .0 0 0 5 .7828 - .0 0 0 7
5 .0 .8433 - . 0 0 0 2 .8655 - .0 0 0 6
6 . 0 .8993 .0003 .9173 - . 0 0 0 1
7 .0 .9366 .0003 .9495 .0007
8 . 0 .9612 - . 0 0 0 2 .9687 .0021
9 .0 .9757 - .0 0 0 9 .9812 .0008

10 .0 .9840 .0005 .9896 .0001
11 .0 .9902 .0010 .9938 .0010
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u

TABLE 

G (U ) : ( 7 , b ) ,

V-

6 . 1 . 11a

- 2
v> = 4 ,  p, = 1 0  

.25 » i 2 = 1

G(U) f 2 ( u ) - g ( u ) G(U) F2 (U)-G(U)

.5 .0292 .0000 .0318 .0018
1 .0 .0986 - . 0 0 0 1 .1094 .0027
2 . 0 .2845 - .0 0 0 3 .3154 .0010
3 .0 .4698 - .0 0 0 5 .5136 - . 0 0 1 2
4 .0 .6236 .0000 .6707 - .0 0 1 6
5 .0 .7411 - . 0 0 0 1 .7837 - . 0 0 1 2
6 . 0 .8253 - . 0 0 1 2 .8616 - .0 0 1 5
7 .0 .8840 - .0 0 0 7 .9130 - .0 0 0 8
8 . 0 .9234 .0009 .9461 .0006
9 .0 .9504 .0005 .9678 - .0 0 0 3

10 .0 .9687 - . 0 0 1 1 .9805 - . 0 0 1 0
11 .0 .9800 - .0 0 0 5 .9883 - .0 0 0 4
12 .0 .9866 .0011 .9930 .0006
13 .0 .9916 .0006 .9952 .0010

U

TABLE 

G (U ) : ( I , b ) ,

V

6 . 1 . 11b

, - 2v = 4 ,  (JL = 1 0

= .25 Bi 2 = 1

G(U) f 2 ( u ) - g ( u ) G(U) F2 (U)-G(U)

.5 .0293 - . 0 0 0 1 .0344 - .0 0 0 8
1 .0 .0989 - .0 0 0 4 .1143 - . 0 0 2 2
2 . 0 .2849 - .0 0 0 6 .3206 - .0 0 4 2
3 .0 .4700 - .0 0 0 7 .5162 - .0 0 3 8
4 .0 .6237 - . 0 0 0 0 .6703 - . 0 0 1 2
5 .0 .7411 - .0 0 0 6 .7825 .0001
6 . 0 .8251 - . 0 0 1 1 .8596 .0004
7 .0 .8829 .0003 .9119 .0004
8 . 0 .9233 .0011 .9449 .0018
9 .0 .9502 .0006 .9659 .0016

10 .0 .9686 - . 0 0 1 0 .9791 .0005
11 .0 .9799 - .0 0 0 4 .9866 .0013
12 .0 .9865 .0011 .9918 .0018
13 .0 .9915 .0006 .9951 .0011
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u

TABLE 

G(U): ( I , b ) ,

R 2 
P1

6 . 1 . 12a

r  “ 2v = 5 ,  p, = 1 0  

= .25 f i 2 = 1

G(U) F2 (U)-G(U) G(U) F2 (U)-G(U)

.5 .0091 .0000 .0105 .0009
1 .0 .0430 - . 0 0 0 1 .0506 .0021
2 . 0 .1700 - .0 0 0 5 .2001 .0018
3 .0 .3315 - .0 0 0 5 .3834 - .0 0 0 3
4 .0 .4894 - .0 0 0 6 .5532 - .0 0 1 9
5 .0 .6247 - .0 0 0 3 .6903 - . 0 0 2 2
6 . 0 .7326 - .0 0 0 8 .7924 - . 0 0 2 1
7 .0 .8134 - . 0 0 1 1 .8643 - . 0 0 2 0
8 . 0 .8721 - .0 0 0 7 .9131 - . 0 0 1 2
9 .0 .9130 .0008 .9445 .0008

10 .0 .9420 .0005 .9653 .0008
11 .0 .9625 - . 0 0 1 1 .9786 .0001
12 .0 .9754 - .0 0 0 6 .9869 .0003
13 .0 .9840 .0003 .9920 .0009
14 .0 .9891 .0007 .9961 - .0 0 0 3
15 .0 .9930 - . 0 0 0 2 .9978 - .0 0 0 9

U

TABLE 

G (U ) : ( a , b ) ,

V

6 . 1 . 12b

r  “ 2v = 5 ,  (j, = 1 0  

= .25
V

= 1

G(U) F2 (U)-G(U) G(U) F2 (U)-G(U)

.5 .0092 - . 0 0 0 1 .0018 - .0 0 0 4
1 .0 .0432 - . 0 0 0 2 .0543 - .0 0 1 6
2 . 0 .1703 - .0 0 0 8 .2061 - .0 0 4 1
3 .0 .3318 - .0 0 0 8 .3880 - .0 0 4 8
4 .0 .4895 - .0 0 0 8 .5550 - .0 0 3 8
5 .0 .6247 - .0 0 0 3 .6898 - .0 0 1 6
6 . 0 .7326 - .0 0 0 8 .7896 .0006
7 .0 .8132 - . 0 0 1 0 .8611 .0012
8 . 0 .8719 - .0 0 0 5 .9100 .0019
9 .0 .9129 .0009 .9426 .0027

10 .0 .9419 .0006 .9638 .0023
11 .0 .9624 - . 0 0 1 0 .9782 .0005
12 .0 .9753 - .0 0 0 5 .9866 .0005
13 .0 .9830 .0013 .9918 .0011
14 .0 .9891 .0007 .9951 .0007
15 .0 .9930 - . 0 0 0 1 .9963 .0005
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6 .2  T a b u l a t i o n s  o f  t h e  E x a c t  F i n i t e  
Sample D i s t r i b u t i o n  F u n c t io n  

A s s o c ia t e d  W ith Vg

I n  t h i s  s e c t i o n  we p r e s e n t  t a b u l a t i o n s  o f  F g (U ) ,  F g (U ) ,  and 

F3 (U ) -? 3 (U) f o r  v = 0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  = 0 ,  .2 5 ,  1 ,  and p2 = 10

w here  t h e  t a b u l a t i o n s  a r e  c a r r i e d  o u t  a c c o r d in g  t o  ( 4 . 2 . 2) and ( 5 . 2 . 10)

(T a b le s  6 . 2 . 1  -  6 . 2 . 6 ) .  We t a b u l a t e  Fg(U) and Fg(U )-F g(U ) a t  i n ­

t e r v a l s  o f  U o f  x2g9 (m )/10  f o r  v = 0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  pg2 = 0 ,  .2 5 ,
—2

. 8 1 ,  m = 10 , and |j, = 1 0  a c c o r d in g  t o  ( 4 . 2 . 1 )  and ( 4 . 2 . 2 )  (T a b le s

6 .2 .7  -  6 . 2 . 8 )  f o r  p u rp o s e  o f  c o m p a r iso n  w i t h  t h e  r e s u l t s  o b t a i n e d

—  2 —2by t h e  a f o r e m e n t io n e d  m ethod . F o r  a l l  v a l u e s  o f  v ,  (3̂  , m, p , and

U w hich  w ere  i n v e s t i g a t e d  t h e  c o m p u ta t io n  em p loy ing  ( 5 . 2 . 1 0 )  was

s i g n i f i c a n t l y  f a s t e r  t h a n  t h a t  m aking u s e  o f  ( 4 . 2 . 1 )  a l t h o u g h  t h e

-  -2u s e  o f  ( 5 . 2 . 1 0 )  e x c lu d e s  te rm s  o f  o r d e r  g r e a t e r  t h a n  one in  p so

t h e  l a t t e r  c o m p u ta t io n a l  m ethod may be p r e f e r r e d  f o r  r e a s o n  o f
—2

a c c u ra c y  f o r  s m a l l e r  p ' s .  I n  p a r t i c u l a r ,  n o t i c e  t h e  c o m p u t a t i o n a l

-  2 —2 
p ro b le m  i n  T a b le  6 . 2 . 6  f o r  p^ = 1  when p = 1 0 .

From ( 5 . 2 . 1 1 )  we o b t a i n e d  t h a t  t h e  e x tr e m e  v a l u e s  o f  F g(U )-F g(U )
—  2

a r e  t h e  s o l u t i o n  o f  a  q u a d r a t i c  ( l i n e a r  i f  p^ = 0) e q u a t i o n .  I n

T a b le  6 . 2 . 9  we p r e s e n t  t a b u l a t i o n s  o f  Fg (U *)-Fg (U*) w here  U* i s  a

member o f  t h e  s e t  o f  t h e  v a l u e s  o f  U s o l v i n g  t h e  a fo r e m e n t io n e d
—  2

q u a d r a t i c  ( l i n e a r  i f  p^ = 0) e q u a t i o n .  The t a b u l a t i o n s  a r e  made

—  2 —2 
f o r  v = 0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  P^ = 0 ,  .2 5 ,  1 ,  and p = 10 . V a lu e s  o f

—  —2 Fg(U *)-Fg(U *) f o r  o t h e r  v a l u e s  o f  p a r e  o b t a i n e d  by m u l t i p l y i n g
—2

t h e  computed v a l u e s  by 10 / p  .
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I f ,  i n  a  g iv e n  a p p l i c a t i o n ,  we have  s p e c i f i e d  t h a t  we u se

F^(U) t o  a p p ro x im a te  F^CU) o n ly  i f  | F ^ C lO -F ^ U ) j <  e, e >  0 ,  and

—  2  — 2  —2  —2h a v in g  e s t i m a t e d  g^ by g^ and p by p we o b t a i n  t h a t  | F^CU*)-

— — 2 —2
F^(U*) | ^  e , we may c o n f u t e  F^(U) f o r  v ,  m, g^ , and p . W hether

we u s e  a com puted F^CU) o r  u se  F^(U) as an a p p r o x im a t io n ,  t h e  s e l e c t e d  

d i s t r i b u t i o n  f u n c t i o n  i s  t h e n  em ployed i n  t e s t s  o f  h y p o th e s e s  i n ­

v o l v i n g  (JD^.
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6 .3 T a b u l a t i o n s  o f  t h e  E x a c t  F i n i t e
Sample D i s t r i b u t i o n  F u n c t i o n

A s s o c i a t e d  w i t h  V.    ......—4
I n  t h i s  s e c t i o n  we p r e s e n t  t a b u l a t i o n s  o f  F ^ ( U ) ,  F ^ ( U ) ,  and

F4 (U) -F4 (U) f o r  v = 0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  p 2 = 0 ,  . 2 5 ,  1 ,  and = 10

where  t h e  t a b u l a t i o n s  a r e  c a r r i e d  o u t  a c c o r d i n g  t o  ( 4 . 3 . 2 )  and

( 5 . 3 . 1 7 )  ( T a b l e s  6 . 3 . 1  -  6 . 3 . 6 ) .  The c o m p u t a t i o n  d e s c r i b e d  above

i s  c o n s i d e r a b l y  f a s t e r  t h a n  a  s i m i l a r  c o m p u t a t i o n  which h a s  been

—  2 —2e v a l u a t e d  f o r  a few v a l u e s  o f  v ,  m, p , p, , and U and makes u s e  o f

( 4 . 3 . 1 )  and ( 4 . 3 . 2 )  a l t h o u g h  t h e  u s e  o f  ( 5 . 3 . 1 7 )  e x c l u d e s  t e rm s  o f

— 2
o r d e r  g r e a t e r  t h a n  one i n  (j, so  t h e  l a t t e r  c o m p u t a t i o n a l  method

—2
may be p r e f e r r e d  f o r  r e a s o n  o f  a c c u r a c y  f o r  s m a l l e r  p, ' s .  I n  

p a r t i c u l a r ,  n o t i c e  t h e  c o m p u t a t i o n a l  p r o b le m  i n  T a b l e  6 . 3 . 6  f o r  

p^2 = 1 when p,2 = 1 0 .

From ( 5 . 2 . 1 8 )  we o b t a i n e d  t h a t  t h e  e x t r e m e  v a l u e s  o f  F4 ( U ) -

—  —  2
F4 (U) a r e  t h e  s o l u t i o n  o f  a q u a d r a t i c  ( l i n e a r  i f  (3, = 0 ) e q u a t i o n .

I n  T a b l e  6 . 3 . 7  we p r e s e n t  t a b u l a t i o n s  o f  F4 (U*)-F4 (U*) w h e r e  U* i s

a member o f  t h e  s e t  o f  t h e  v a l u e s  o f  U s o l v i n g  t h e  a f o r e m e n t i o n e d

—  2
q u a d r a t i c  ( l i n e a r  i f  P^ « 0) e q u a t i o n .  The t a b u l a t i o n s  a r e  made

—  2 —2 
f o r  v = 0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  = 0 ,  . 2 5 ,  1,  and ^ = 10.  V a lu e s  o f

— —2 F4 (U*) -F4 (U*) f o r  o t h e r  v a l u e s  o f  |j, a r e  o b t a i n e d  by m u l t i p l y i n g
—2

t h e  computed v a l u e s  by 1 0 / ( jl .

I f ,  i n  a  g i v e n  a p p l i c a t i o n ,  we have  s p e c i f i e d  t h a t  we u s e

F4 (U) t o  a p p r o x i m a t e  F4 (U) o n l y  i f  | F4 ( U ) -F4 (U) | <  e ,  e >  0 , and

— 2 — 2 —2 —2
h a v in g  e s t i m a t e d  (3̂  by f3^ and |j, by p, we o b t a i n  t h a t  | F4 (U*) -

—  — 2 —2F4 (U*) | 2  e ,  we may compute F4 (U) f o r  v ,  m, (3̂  , and  jj, . W hether



www.manaraa.com

139

we use  a  computed F^(U) o r  u s e  F^(U) as  an a p p r o x i m a t i o n ,  t h e  s e l e c t e d  

d i s t r i b u t i o n  f u n c t i o n  i s  t h e n  employed in  t e s t s  o f  h y p o t h e s e s  i n ­

v o l v i n g  U ) ^ .
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APPENDIX

MATHEMATICAL APPENDIX ON SPECIAL FUNCTIONS

T h i s  a p p e n d ix  c o n s i s t s  o f  a few o f  t h e  d e f i n i t i o n s  and theo rem s

from s p e c i a l  f u n c t i o n  t h e o r y  which have  been found t o  be o f  v a l u e

i n  t h e  c o u r s e  o f  d e r i v i n g  and t a b u l a t i n g  e x a c t  f i n i t e  sample d i s ­

t r i b u t i o n  f u n c t i o n s .  I n  t h e  c a s e  o f  e s t a b l i s h e d  d e f i n i t i o n s  and 

theo re m s  t h e  s o u r c e s  a r e  c i t e d ,  w hereas  t h e  p r o o f s  o f  o r i g i n a l  

theo re m s  a r e  g i v e n .

The f a c t o r i a l  f u n c t i o n , ( R a i n v i l l e ,  1960,  p .  22) i s  d e f i n e d

by

n

( A . l )  ( a )  = TT ( a  + k -  1) , n §  1
n k=l

( a ) o  =  1  ,  a  4  0  .

I f  o' i s  n e i t h e r  z e r o  n o r  a n e g a t i v e  i n t e g e r  ( R a i n v i l l e ,  1960, p .  2 3 ) ,

( A .2)  ( a )  = r ( a  +  n ) / F ( a ) .n

L e g e n d r e ' s  d u p l i c a t i o n  fo rm u la  ( R a i n v i l l e ,  1960, p .  24) i s  g iv e n  by

(A .3)  V tt T( 2z)  = 2 Z z ' 1  T (z )  T(z + -  )
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The g e n e r a l i z e d  h y p e r g e o m e t r i c  f u n c t i o n  ( R a i n v i l l e ,  1960,  p .  73) 

i s  d e f i n e d  by

(A.4)

o ^ ,  a 2 , a

n=0

(or,) . . .  ( a )  n
_ l _ j n ________ j>_Jl * z
( P , )  . . .  O  )  n TI n  q n

where  no d e n o m in a to r  p a r a m e t e r ,  0 , may be z e r o  o r  a n e g a t i v e  i n ­

t e g e r  and i f  any n u m e r a to r  p a r a m e t e r ,  i s  z e r o  o r  a n e g a t i v e  

i n t e g e r ,  t h e  s e r i e s  t e r m i n a t e s .  F u r t h e r m o r e ,

( a )  I f  p = q ,  t h e  s e r i e s  c o n v e rg e s  f o r  a l l  f i n i t e  z ;

(b)  I f  p = q + 1,  t h e  s e r i e s  c o n v e rg e s  f o r  | z |  < 1 and d i v e r g e s

f o r  j z |  > 1;

( c )  I f  p >  q + 1,  t h e  s e r i e s  d i v e r g e s  f o r  z 4- 0 .

I f  t h e  s e r i e s  t e r m i n a t e s ,  t h e r e  i s  no q u e s t i o n  o f  c o n v e r g e n c e ,

and (b )  and ( c )  do n o t  a p p l y .  I f  p = q + 1 t h e  s e r i e s  i s  a b s o l u t e l y
9 P

c o n v e r g e n t  f o r  z = + 1 i f  I " X a i  > °*
j = l  i = l

For  p ^  2  and q ^  1 a s l i g h t l y  m o d i f i e d  n o t a t i o n  w i l l  be u s e d ,

e . g .

1F0 ^a i ; ~ ’ 1F0

O'.
1  ’

I f  c - a - b  > 0 and i f  c i s  n e i t h e r  z e r o  n o r  a n e g a t i v e  i n t e g e r  

t h e n  ( R a i n v i l l e ,  1960,  p .  49)

(A 5) F ( a  b ‘ c • 1) = f .C a(.a.o; ^  u ,  d, c, r<c-a)r(e-b) •
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The o r d i n a r y  b i n o m i a l  e x p a n s i o n  ( R a i n v i l l e ,  I960 ,  p .  58) i s  g i v e n  

by

( A . 6) (1 -  z ) " a = ^  ( a ;  -  ; z ) .

We have  ( R a i n v i l l e ,  1960,  p .  58)

( A . 7 a - b ) ( a ) n_k = ( - l ) k ( a ) n / ( l - a - n ) k

0 ^  k  ^  n

( n - k ) I  = ( - l ) k  n ! / ( - n ) k

0 ^  k s  n .

We o b t a i n  t h e  f o l l o w i n g  theo re m s  (Luke ,  1969,  V o l .  I ,  p .  9 9 ) :

( A .8) „F ( - n ,  b ;  c ;  1) = ( c - b )  / ( c )  z l  n n

where  n i s  z e r o  o r  a p o s i t i v e  i n t e g e r ,

( A .9) „F ( - n ,  nfX;  c ;  1) = ( - l ) n ( l + x - c )  / ( c )z 1 n n

where n i s  z e r o  o r  a p o s i t i v e  i n t e g e r ,  and when c i s  a n e g a t i v e

i n t e g e r  o r  z e r o ,  c = -m, w i t h  m >  n ,  t h e n  Vandermonde ' s theo re m  i s

g i v e n  by
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(A .10) £

k=0

( - n ) k ( b ) k ( m - n ) ! ( m + b + l - n ) n

( -m) k I m!

We have  (Luke ,  1969, V o l .  I I ,  p p . 6 4 ,6 5 )

<A- U> p + 2 V
6 ,  ,  . . . ,  p q ;

I
n=0

( 6- a ^  ( 6-ct„) ( a , )   1 n 2 n I n
( 6) (p ) . . .  (p )n i  n q n

( a  ) np n . z

F
P+l  q

0 1 + C T 2 ~ ° ’  a i + n »

Px+n, • •  j  P q " ^ n »

p < q o r  p = q and | z |  < 1,

( A . 1 2 )  p + 2 F q + 1

^ 1 5 °2 5 ^1 * * * * ’ ^p ’

^ 9  P J  9  • • * 9  Pq9

I
n=0

(CTl +CT2 _6) n ( a l ) n ( a  )  np n . z

^Pl^n ^Pq^n

p+2 q + l

6-cr.p 6 - ct2 9 t t j+n ,  •

b 9 p-j+n, . . . ,  p +n;

, a  + n ; 
P
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p <  q o r  p = q and | z I  < 1 ,  and

<A - 1 3 > p + i V i

04-6, a .

■ j pq ;

I
n=0

' " i 1,  . £

(pl>„ •••  ( V n  n)

[H-lFq+l

-  o ,  Q '+n ,  . . . ,  a  + n :
1  p

6 ,  P j + n ,  P ^ - f n ;

-  z

p g q o r  p = q4-l and |z  | < —

N o t i c e  t h a t  Rummer 's  f i r s t  f o rm u la  ( R a i n v i l l e ,  1960,  p .  125) i s  a 

s p e c i a l  c a s e  o f  ( A . 1 3 ) .  A l s o ,  ( R a i n v i l l e ,  1960,  p .  6 0 ) ,  i f  |z  | < 1 

and | z / ( 1 - z ) |  <  1

( A . 14) 2 ? 1  ( a ,  b ;  c ;  z )  = ( 1 - z )  ^  ( a ,  c - b ;  c ;  - z / ( l - z ) )

We have (Bateman ,  1953,  V o l .  1 , p .  283)

(A .15) 1F1 (a; b; xy) =
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I
n=0

( a )

CbT
n . f x ( y - l )  ~jn

n . ^F^ (a+ n ;  b+n;  x)  and

( A . 16) ^  ( a ;  b ;  xy)  =

- a
I

n=0

( a ) n ( l - y  X) 

n I

n

(a+n;  b ;  x)  i f  y >

Also  (Bateman,  1953,  V o l .  1, p .  288)

( A . 17) £

n=0

( a ) n ( b ' - a ' ) n z n 
   _  • ^  ( a + n . x . z )

n n

1 F 1

Z  ( b - a )  ( a ' )  n
( a ' ;  b ' + n ;  y)  -  £  n n * Z

n=0
( b ) n ( b ' )  nI  n n

^Fj  ( a ;  b+n;  x) • ^F^ ( a ' + n ;  b ' + n ;  y - z )

We have  ( B a r n e s ,  1907,  p .  62) f o r  x  > 0 ,

9 P

( A . 18) l im  e x  
x-*»

1
a .

-x  .. i = l  i = l F 
P 9

c ^ ,  .

P j  > •

’ V

5 V

-  TT r (p ) /  IT H a l
i = l  1 i = l  1

N
^

h
-

1
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and (Luke ,  1969,  V o l .  I ,  p .  128)

( A . 19) ,F .  ( a ;  b;  x )  4 ( . x ) - a
1 1 r ( b - a )

2Fq ( a ,  1 + a - b ; -  ; -  x " 1) + ^  e X x 3”b

Fn ( b - a ,  1 - a ; -  ; x ” 1) .
2  0

One o f  t h e  second  o r d e r  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n s

a ' ; y ;  x ,  y)  (Bateman,  1953, V o l .  1 , p .  225) i s  d e f i n e d  by

V  V  ( a K ( a " > s  x r  v S( A .20)  i 2 ( O f .  y; x .  y)  -  £  L  • JL.

r=0  s=0 r+S

, ( a ,  a ' ;  y ; x ,  y) can  be w r i t t e n  (Humber t ,  1921,  p .  76) a s

V  ( - x ) r  ( & )  ( a  )
( A .21) f 2 ( a ,  a ’ ; y;  x ,  y)  = £  r > (y)  ( y - a ' )

N T/r  1 rr=0

1F 1 ( o + r ;  y - a ' + r ;  x)  • ^  (o- '+ r ;  y f r ;  y)

When k > 0 ,  t h e  f o l l o w i n g  theo re m  h o l d s :

( A .22) l im  x^ e x ^ ( a ,  a ' ; o+6;  x ,  -kx)  
x-*»
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r c°a-i). ( i +k) " a '
T (a) u +  '

P r o o f :  By ( A .2 1 ) ,

l im  e X $2(^5 a '  > oebf>; x > _ ĉx) =
X - * »

6 -X V  ( a > r ( “ ’>r . f -x- )r
X 6 L  (q+6)  ( o + 6 - a ' )  r  I

r=0

* ( o + r ;  a+S-or '+ r ;  x)

jF^ ( a ' + r ;  o+6+r;  -kx )

w h i c h ,  by (A. 19) e q u a l s

00

, rco+s-o'’) y  (al)r .
r ( a )  x  L  (o+6> r !

r=0

( a ' + r ;  ct+6+r; -kx )

and by ( A . 15) t h i s  e q u a l s

l im  ^ r ( t ) ~ '̂  ^ x °  i F i  ; 0+65 " ( 1+k) x )
X- + TO

w h ic h ,  by ( A .1 9 ) ,  e q u a l s
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l i m  U a + A - P ' ' )  • x a ' • J X o ± . § i .  . [ ( i + k ) x l " ff' 
x ^  r ( a )  ncrt-6-cif1) U i + K ' XJ

* ( l + k ) -Cyl Q.E.D.

We h a v e  t h a t

”  ”  (or) (P) (P') r s

(A -23) I  I  (F T r r  • ?T  • hn „ r r+s r=0 s=0

V  ( v - c ) r ( Y - f : ) .  t

t4  ( y) t  "<6) t  ' r r  V 0* 8- * ’ B' ; 8+11; * ■ y)

P r o o f :  By ( A . 1 1 ) ,

“ Z (a) (p) O ') r sV \  r  r s . x_ . y

r=0 s=0
(Y) (6) , rI s!r r+s

( 3 ' )  s (Y -a ) .  (Y-3), . t
V  P ' s  . £ .  V
L  (6) s i  L

t t . x
-s  - -  — (Y) t  c ^ s ) t  t :

s=0 t=0

( q+ 3 - y) v q 
s. • x

I ( 6+t+S) q!
q=0 4

C O  CO

v  ( Y - o ) t ( v - M t  . /  Y Y (oH-8-y)q ( i3 ' ) s . J . £
L  (6)  t :  L  L  ( 6 + t )  ql s :

t=0 t t q=0 s=0 S+q
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w h i c h ,  by  ( A . 2 0 ) ,  e q u a l s

^  (Y-Qf) (Y -P ) t  t
L  — )-----------(r6 )—  * t T  P ' ; & f t ;  x ’ Q .E .D .

t= 0  t  t

We d e f i n e  one o f  t h e  t h i r d  o r d e r  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n s

3 
2-

3
(.or, o'1, o ' " ;  y; x ,  y ,  z )  as

CO CD CO

Y  V  Y  ( t t ) r ( °;V 0," ) t  . £  . £  .  z l
L  L  L  (Y)r + s + t  r :  <: f .

r=0  s=0 t=0

The f o l l o w i n g  i n t e g r a l  r e p r e s e n t a t i o n s  a r e  i n t r o d u c e d  i n  o r d e r  t o
3

d e r i v e  t h e  e x p a n s i o n s  f o r  §9 ( a ,  a 1, a ' 1 ; y » x > y> z ) c o r r e s p o n d i n g

t o  ( A .21)  ;

( A .25 a - c )  1F 1 ( a ;  b ;  x)

T(b)  r 1 xu a - l  vb - a - l  ,
W H M  .!0 e u (1 " u) du

&2(df, Of1; y; X, y)

 £Ly)____________  T1 f 1 e xu+yv Qf-1 Qf'-l
r ( o f ) r ( Q f , ) r ( Y - Q f - Q f ' )  0  . ' 0

. . .  y - Q . - Q / '  - 1
( 1 - u - v )  du dv
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3
§2 (or, a ' ,  a " ; Y; x ,  y ,  z)  =

r ( a ) r ( a ' ) r ( f f '  , ) r ( Y - a - < * , - 0 ' " )

I M
J

xu+yv+zw

Y - C f - a ' - a '  ' - 1 du dv dw

The t h r e e  i n t e g r a l  r e p r e s e n t a t i o n s  above may be v e r i f i e d  by w r i t i n g  

a  s e r i e s  e x p r e s s i o n  f o r  t h e  e x p o n e n t i a l  t e r m  e a ch  t im e  u ,  v ,  o r  w 

a p p e a r s  i n  an e x p o n e n t  and p e r f o r m i n g  t h e  i n d i c a t e d  i n t e g r a t i o n .

The method o f  p r o o f  i n  t h e  f o l l o w i n g  theo re m  i s  a  g e n e r a l i z a t i o n  o f  

a p r o o f  o f  ( A .21) u s i n g  ( A .25 a , b )  r a t h e r  t h a n  t h e  method i n d i c a t e d  

i n  H u m b e r t ' s  p a p e r  (Humber t ,  1921,  p .  7 6 ) .

3
( A .26) §2 ( a ,  a ’ ,  a y ;  x ,  y ,  z)  =

(  Nt  ' )  .♦.(Y-o;11)• (~y ) • r + s  r + t v s + t

r+t
r

r=0  s=0 t=0

' ( o + r + s ;  y - f f ' - f f '  ' + r + s ;  x)

* ^F^ ( a ' + r + t ; y c r 1 ' + r + t ; y)

• ^F^ (</  ' + s + t ;  y b r + s + t ;  z)
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P r o o f :  From ( A . 2 5 c )  and t h e  f o l l o w i n g  t r a n s f o r m a t i o n :

w = p
v = n ( l - p )  
u  = m ( l - n ) ( 1 —p )

3
we can w r i t e  $2 ' I Y> x j y> z )

________ r ( v ) ____________________  [‘  ̂ r  ̂ f  ̂ xmfyn+zp
r ( o ' ) r ( Q ' , ) r ( Q ' 1 l ) r ( y - Q ^ a ’ - Q ' " )  j 0  J 0  - ; 0  e

a - l  o ' - l  o;11 -1  . y - o - o '  - o ' ' - 1  . y - o 1- o ' 1-1m n p (1-m) ( 1 - n )

I n t r o d u c i n g  a  s e r i e s  e x p a n s i o n  f o r  t h e  e x p o n e n t i a l  t e r m  c o r r e s p o n d i n g  

t o  e a c h  o f  t h e  e x p o n e n t s  - n ( l - p ) x m ,  -  pxm, and -ynp we t h e n  have

00 0 0  CO

Y  V  V  • S s t i l  • _____________ c m _________________
L  L  L  r i  s !  t :  r ( o ) r ( o ' ) r ( o " ) r ( y - o - o ' - o " )

r=0  s=0 t=0

. T 1 xm Q4- r+ s ~ l  . .  . y - o - o '  - o '  ' - 1  ,* e m ( l" tn)  dm

yn o ' + r + t - l  xy - o ' - a ' ' - l  ,
e J  n ( 1 - n )  dn

P 1 zp o '  ' + s + t —1 . Ny - o ' ' + r - l  
i  e p p ( 1 - p )  dp

"O

From (A .2 5a )  and ( A .2) t h i s  r e d u c e s  t o
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V  V  V  ( - x l 1* 5 • ( -vk*  • ( °') r + s ( °,' ) r 1- t <°," >s + t <Y' ° ," ) r

i o s = o t . o r :  s :  t ;  (YW t < Y- “ , - “ , , w Y- “' , , >t + t

• ^F^ ( o + r + s ;  Y"Q'1-O'1' + r + s ; x)

• ( a ' + r + t ;  y-Q', ' + r + t ;  y)

• 1F 1 (o, l ' + s + t ;  Y ^r+s+t ;  z ) Q.E .D.

3
An a l t e r n a t i v e  e x p a n s i o n  o f  ^ ( a ,  a a '  ' ;  y; x ,  y ,  z )  i s  g i v e n  by

(A .27)  ( a ,  a ' ,  a " ;  y ;  x ,  y ,  z)  =

Y  Y  ( ~v)S • ( ~ z ) t  • (cy)s + t ((*, ) s (cy' [ ) t
L  L  s i  t : ( y )  + t ( Y - ° f ) + t

s=0 t= 0  S+t  S+t

• jF^ ( o + s + t ;  y f s + t ; x)

' §2 ( a ' + s > < y " + t ;  y - o + s + t ;  y ,  z)

P r o o f :  From (A .25c)  and t h e  f o l l o w i n g  t r a n s f o r m a t i o n :

u = m 
v = n ( l - m )  
w = p ( l - m )

3
we can w r i t e  §2 (<*> <*' > a ' ' 5 YJ x ,  y ,  z )  =
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   f 1 e3™ m0" 1 ( l - m ) Y" Q'“ 1 dm
r ( a ) r ( a ’ ) r ( c y " ) r ( Y - c y - a ' - a " )  U  '

" ^ yn+zp a r ' - l  O'1 ' - !  s y - a - a '  -o '1 1 -1
e J  K n p ( 1 - n - p )

0  0

-mny-mpz e j  *• dn dp

I n t r o d u c i n g  a s e r i e s  e x p a n s i o n  f o r  t h e  e x p o n e n t i a l  t e r m  c o r r e s p o n d ­

ing  t o  each  o f  t h e  e x p o n e n t s  -mny and -mpz we have
CO CO

L u l l  ■ i z s l l  • ____________T i l l
1 1 s ' .  t !  r c c a w j r c a 1 W Y - a - a ' - f f " )

s=0 t=0

* xm o + s + t - 1  , n «y-Q'-l  
e m ( 1 _T1V  dm

0

yn+zp o r '+ s - l  a ' ,+ t - l /1 . Y - a - a '  - a 1' - 1  , ,• : I e J n p ( 1 - n - p )  dn dp
' 0 ' 0

From (A .25 a , b )  and ( A .2) t h i s  r e d u c e s  t o

v  y  i n i i  • t a i l  • <g)s+ t ( a ' ) s ( ° r" ) t  

s f o i o  s! t:

*1F1 ^Q + s + t ’ Yhs+t;  x)

$2 ( a ' + s ,  a 1 ' + t ; y - o + s + t ;  y> z ) Q.E.D.

When k > 0 t h e  f o l l o w i n g  theo rem  h o l d s :

( A .28) l im  e X ©2 ( a ,  a ' ,  o r '1 ; a+6;  x ,  - k x ,  -kx )
X-to



www.manaraa.com

172

= r,(Q »s) “a "
r(of) u + lc )

P r o o f :  By ( A .2 6 ) ,

■•x 6 3
l i m  e x (<*> » ' )  O'1’ ; o+6; x ,  - k x ,  -kx)  
x-*»

0 0  CO O )

l im  e - x x 6 y  y  y  ^
L  L  L  T \  s ' .  t :

r=0 s=0 t=0

(Q') r+s(Q,,)r+t(Q," ) s+t (cyt'6~Qf" ) r
(Q+6)r+s+t(Q+6-a'-Q'' ’)r+s(QH-6-a' ') r+fc

F̂̂  (oH-r+s; ck+6-a1-cy1'+r+s; x)

(a'+r+t; q+5-q’' '+r+t; - kx)

F̂̂  (o?1 '+s+t; o+6+r+s+t; -kx)

w h ic h ,  by (A. 1 9 ) ,  e q u a l s

- x  6 Y Y C-x) r+S . ^ r + s ^ ' M ^ '  '>s
\  \  rl sI < ^ ) r+s^ s- , - , , >r+sr=0 s=0

* F̂̂  (crt-r+s; o+6-a'-a 1'+r+s; x)

F̂̂  (o?'+r; crt-6-o'l l+r; -kx)



www.manaraa.com

173

( a ' ' + s ;  o+6+r+s;  -kx )

and by ( A . 19) t h i s  e q u a l s

00

<*'+<*" • r C o + S - g ' - a '  ' )  V  ( - x ) r  . (Q,l)r
, ^  X H a )  L i  r l  (o+6)
X r=0 r

• ( a ' + r ;  Q + 6 - a ' ' + r ; -kx)  ^
s ( a " )

s=0

^F^ ( o ' ' ' + s ;  cd-6+r+s; -kx )

w h ic h ,  by ( A . 1 5 ) ,  e q u a l s

X -K n
r=0

^F^ ( a ' + r ;  o+6-a ' l , + r ;  -kx)

1F 1 (o '1' ;  o+6+r;  -  ( l + k ) x )

s
( o + 6 + r ) s

CO

t  a ' + a "  T ( c &  S - g ' - o r " )  V  ( - * ) r  • (Q / , ) r
™ X ’ r(Qf) L  r :  (q+S)

and by ( A .17) t h i s  e q u a l s

i t  rv ^  i t i \  f  \ r (Q+S-o'-ff") (»' ' )
l im  x ' ^ ^ cyt'°~cy ~ a  > V  (~x)  .  r ______r

rCcr) L a  r l  ( o + 6 - o ' ' ' )  (o+6)x-*® r “ 0 r  r
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( a 1; o H ^ - a 1 ' + r ;  -  ( l + k ) x )

( a 1 ' + r ;  o+6+r;  -kx)

w h ich ,  by ( A . 1 9 ) ,  e q u a l s

lim / '  a + k ) ‘ “ ' • V  • rlim x (1+k) r(a) £  r : (o+6)
r=0  r

^F^ ( a ' ' + r ;  o+6+r;  -kx)

and by ( A . 15) t h i s  e q u a l s

l im  x a ' ( 1 + k ) " 0' ’ * 1 ? 1 ( a " ;  orf-6; -  ( l + k ) x )
x-*»

w h ic h ,  by ( A . 1 9 ) ,  e q u a l s

• (1 + k ) Q. E. D.

We have  t h a t

CO CO 0 3

(A.29)  I I I

r=0 s=0 t=0

C O CO 0 3

( a ) r ( o f' ) s ( o r " ) t O ) r ( P ' ) s ( P " ) t  # x r y s z t

(Y)r (Y’) s ( Y ' l ) t  ( 6 ) r + s + t  r l s l t l

( Y - a ) ^ ( Y, -cv, ) e (Y , , - a , , ) (. (Y -3 )  (Y , - P , ) C( Y " - P " ) <.c r  s___________tZ
n  r i  V  Y_ur; ( .  y  -ur J

£  i  ( y) „ ( y , ) , ( y " ) <. v , x x  , ,  ( 6 )
r=0 s=0 t=0  r  s t  r + s + t



www.manaraa.com

175

x r  V  3
r I s  I t  I " ( crt’3“ V> a ' + p ' - v ' ,  a l , + p " - Y " ;  6 + r+ s + t ;  x , y , z )

P r o o f :  The e x p a n s i o n  f o l l o w s  d i r e c t l y  by a p p l i c a t i o n  o f  ( A . 11) t o

e a c h  o f  t h e  t h r e e  s e r i e s  i n  t u r n  and t h e n  by u se  o f  t h e  d e f i n i t i o n  

( A .2 4 ) .  Q .E .D .

W hile  no p r e s e n t  a p p l i c a t i o n  o f  t h e  f o l l o w i n g  g e n e r a l i z a t i o n  i s  

made i t  i s  i n t r o d u c e d  f o r  c o m p l e t e n e s s  and i t  i s  s e e n  t h a t  ( A .21)

and ( A .27) a r e  s p e c i a l  c a s e s  o f  (A .3 2 ) .  We d e f i n e  one o f  t h e  k t h

1co r d e r  c o n f l u e n t  h y p e r g e o m e t r i c  f u n c t i o n s  §2 (cr^ , . . . ,  ; v;

x ^ , . . . ,  xk ) as

(A .30)  §2 ( o ^ ,  a ^ ;  y; x ^  x fc) =

z-z • • •  x ! 1
kx.

' 1 ______  k . 1 **• k

t  =0 t  =0 " 1 ..................  k
1 k

1  2  N o t i c e  t h a t  $2 (or ; y; x ^  = 1F 1 ( c ^ ;  y; x 1) and s>2 (or o t^ , y;

Xl ’ X2^ = ^2 ^ 1 ’ 01 2  ’ Y; Xl ’ X2^ ‘ The f o l l o w i n S i n t e g r a l  r e p r e -

s e n t a t i o n  f o r  §2 ( a y; x ^ ,  x^)  may be v e r i f i e d  by

w r i t i n g  a s e r i e s  e x p r e s s i o n  f o r  t h e  e x p o n e n t i a l  t e r m  each  t im e

u n , . . . ,  u a p p e a r s  i n  an e x p o n e n t  and p e r f o r m i n g  t h e  i n d i c a t e d  
J. K

i n t e g r a t i o n .

( A . 3 1 )  §2 ^ 5 *" *9 3 3̂ "^15 • • * > —
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r ( y )  r x . x , u ,  +  . . .  +  x, u.1 - i
e " ' l ” l .................... k “k

r c ^ )  . . .  r ( a k ) F ( Y - Q ' 1 -  . . .  - c ^ )  Q  • o

o '  - 1  a .  - 1  1l k .  . y - a t  -  . . .  - a , - lu .  . . .  u. (1 -  u ,  -  . . .  -  u, ) 1 it1 k 1 k

du,  . . .  du, 1 k

The f o l l o w i n g  theo re m  i s  v a l i d  f o r  k ?  2:

( A . 3 2 )  y • • •  j  )  Y >  •  •  • j  =

®  t  s p l  ,  . P k - l
( - X j )  . . .  ( - X k _ j )z -x

P l = °  P ^ J L - O

pr  ••• Pk.i-

(al ) p1 ••• (Qk - l ) pk_1(Qk) p1+ . . .  +pk- l

( y ) p 1 +  . . .  + P k - 1  ( v - ^ ) ^  _  + p ^

^2 1 (cyi+pi ’ \ - i +pk - r  Y“V pi+ ••• +pk - i ; V  V i }

h  (Qk+ p i + **• +pk - i ; ^ p i +  • • •  +pk - i ; V

P r o o f :  From (A .31)  and t h e  f o l l o w i n g  t r a n s f o r m a t i o n :

u i  ‘  r i ( 1 - r k )
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uk r k

we can w r i t e  ( c ^ ,  . . . ,  &k ; v; x ] , . . . ,  x )

: - ( v )  ____________________________________ ■ ' 1  - 1  > : i r i +  • • • + \ - i r k - i

r < 0 f i >  • • •  n ^ j r c v - o - j -  . . .  —

a  - 1  x  , - 1  , , x r ,1 k -1  s v - a  -  . . .  - a  -1  k kr  . . .  r  ( ] - r  -  . . .  - r  ) 1 . e
1 K  “  1 i  K. ”  1

or “ 1 v-r* -1 - x  r  r  -  . . .  -x  r  r
k N k I l k  k-1  k - l k  ,r,  (1 - r .  ) e d r .  . . .  dr ,k k l k

I n t r o d u c i n g  a s e r i e s  e x p a n s i o n  f o r  t h e  e x p o n e n t i a l  t e r m  c o r r e s p o n d i n g

t o  e a c h  o f  t h e  e x p o n e n t s  - x , r  r.  , . . . ,  -x,  , r ,  , r ,  we h ave
I l k  K - l k - l k

P 1 ,  > V l

p . . . .  p
P =0 P. =0 1 K

1  k - 1

: ( y ) _______________
' ( o p  . . .  : ( o ^ K ' O - c ^ -  .

. I - . 1 >:nr 1+ . . .  +x, , r ,  1 &.+P -11 1 k -1  k-1 1 1
. . . e r

0  0

+n. , - 1
. r “k - r P k - i

k - i

v - a  -  . . .  - ' i . - l  

d - r l -  . . .  - r k _ j )  d r j  . . .  d r ^
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: ' X V k  W  • • •  ^ k - l - 1 , .  , Y - a - l  J
■ 0 e r k ( V  k d r k

From. (A .31)  and ( A .2) t h i s  r e d u c e s  t o

CO CO

l - l
“  0 0  (  \ ? 1  /  \ p k _ 1  

< - y  • • •  < - v i >

n  n  Pl1  P k " 1 'P i = °  p k _ 1 - o

^“ k - l ^ p k _ 1 ^Qk ^ p 1+ . . .  +Pk - 1  

( / > P 1+ • • •  +Pk _i  ^  ^ P ^  • • •  +Pk_!

'■ 9 ( tr'jl’P  ̂j . . . j ^k — l^P k — 1 * "̂"̂ ."PP . . .  "PPk_ ̂   ̂f 9 ’ ’ * 5  Xk- ] /

* 2 ^°k+ P l +  +Pk - 1 ’ Y f p l +  • • •  + p k - l ’ Xk ‘> Q -E .D .

The f o l l o w i n g  t h e o r e m  i s  v a l i d  f o r  k > 0:

OO CO
... j

(A .33) 1 im x S’* * - 8’ v V  V  <1 ■ t H .
X  X  s -  ,

j = 0  q=0

 i i q = » ( d ) r (3 ) n + k ' i - 0
• ( e ' > j ( 6 ) j+q  r  ( y) r (  p) U+K;
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P r o o f :  By ( A . 2 ) ,  ( A . 1 1 ) ,  and ( A . 2 0 )  we h a v e

l im  e " X x P '+ 6_P"Y V  V  5 i  • ( - kx)  • -i -1 nL L i\ q :  O ' ) . (6 )
j - 0  q=0 J

5 (fH-Y-81 , »;  6+j ; x ,  -k x )

♦ t

w h ic h  by ( A . 5) and ( A . 22)  e q u a l s

n + k ' ) " Q' o  f  n
r(v)r(p) ( }

The i n c o m p l e t e  b e t a  f u n c t i o n  i s  d e f i n e d  by

( A . 34)  I  T a , b ; x ]  = t 3  ̂ ( l - t ) b  ̂ d t
B_ • 0

The b e t a  f u n c t i o n  i s  d e f i n e d  by

( A . 35)  B ( a , b )  = j  t 3-1 ( l - t ) b_1 d t  
"0

We h a v e ,  (Ba teman,  1953, V o l .  1, p .  87) and ( A . 1 1 ) ,



www.manaraa.com

180

( A . 36 a - b )  I - C a ,  b ;  x 
B 2 F 1

a ,  1 - b ;

1 + a ;
x

f o r  Ixl  g  1

I B[ a ,  b ;  x
a . b

2 F 1

1,  a f b ;

1 + a ;

f o r  j y I < 1

A l s o ,  ( B a tem a n ,  1953,  V o l .  1, p .  9)

( A . 37)  B ( a , b )  = ^
i ( a+ b)
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