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ABSTRACT

Ebbeler, Jr., Donald Herman. Ph.D., Purdue University,

August, 1970. An Investigation of the Properties of the

Exact Finite Sample Distributions of GCL Statistics

Associated with the Structural Representation of an

Econometric Model. Major Professor: Robert L. Basmann.

This dissertation is a study of the properties of the distri=-
bution functions of the GCL identifiability test statistic,
endogenous variable structural coefficient estimator, and structural
variance estimators for an econometric model with two endogenous
variables included in the equation of interest.

Chapter 1 contains a short presentation of the simultaneous
equations representation of the econometric model and some standard-
izing transformations which simplify the expressions for the distri-
bution functions of the GCL statistics investigated.

Chapter 2 contains a derivation of an approximation to the
distribution function for the GCL endogenous variable structural
coefficient estimator and some tabulations of the approximating
distribucion function.

Chapter 3 contains a demonstration that the distribution function
of the GCL identifiability test statistic has a corresponding (central)
F asymptotic distribution function. The method of moments is used
to determine parameters‘of the (central) F distribution used to

approximate the exact distribution function and some tabulations of

the approximating distribution function are presented.



Chapter 4 contains a demonstration that the distribution
functions of the three GCL structural variance estimators have
corresponding (central) XZ asymptotic distribution functions.

Chapter 5 contains a derivation of approximations of the dis-
tribution functions of the three GCL structural variance estimators.
The use of the method of moments to determine a gamma distribution
which can be used to approximate an exact distribution function is
also discussed.

Chapter 6 contains some tabulations of the distribution func-
tions of the three GCL structural variance estimators.

The appendix contains definitions and theorems from special
function theory which are of value in the demonstrations presented

in this dissertation.



INTRODUCTION

One class of explanatory econometric models is the simultaneous
equations model. To test such a model it is necessary to compute
confidence intervals for the various estimators and test statistics
associated with the model. For the Two Stage Least Squares variant
of the Generalized Classical Linear (GCL) Least Variance Difference
principle of estimation Basmann and Richardson have derived the exact
finite sample distribution functions for several of the estimators
and test statistics associated with a simultaneous equations econo-
metric model for which the equation of interest contains two endoge=-
nous variables,

In each exact finite sample distribution function there appears

-~2
the parameter p, , called the concentration parameter, which is a

quadratic form containing the exogenous variable sample observations
and the structural parameters. The name 'concentration parameter'
derives from the fact that the GCL estimator of each structural para-
meter of the equation of interest converges in probability to the
corresponding population structural parameter as ; -+ o, sample size
being fixed (Basmann and Richardson, 1969a, p. 2).

In the dissertation we investigate properties of the exact

finite sample distribution functions of the GCL identifiability test

statistic, GCL endogenous variable structural coefficient estimator,



and the three GCL structural variance estimators for purpose of
determining expressions or approximations for the exact distribution
functions when EQ + o, We also tabulate some of the exact distri-
bution functions, investigate methods of their approximation, and

for the three GCL structural variance estimators we develop algorithms
under which we may specify regions of the parameter space associated
with a particular exact distribution function in which the exact dis=-
tribution function is acceptably approximated by its corresponding
asymptotic distribution function.

In Chapter 1 we present the model and some simplifying standard-
izing transformations introduced by Basmann. In Chapter 2 we derive
an approximation to the distribution function for the GCL endogenous
variable structural coefficient estimator by a method investigated
by Basmann (Basmann, 1963b, pp. 2-3) and we present some tabulations
of the approximating distribution function. In Chapter 3 we demon-
strate that the distribution function of the GCL identifiability test
statistic has a corresponding (central) F asymptotic distribution
function and we tabulate an approximation to the exact distribution
function by the method of moments. In Chapters 4, 5, and 6 we in-
vestigate the exact finite sample distribution functions of the three
GCL structural variance estimators; in Chapter 4 we demonstrate that
the corresponding asymptotic distribution functions are (central) xz;
in Chapter 5 we derive expressions for approximations to the exact
distribution functions and discuss the use of the method of moments

to approximate the exact distribution functions; in Chapter 6 we



present tabulations of the exact distribution functions and the
various approximations. In the appendix we present definitions and
theorems from special function theory which proved useful in the
dissertation. Some original theorxems involving higher order con-
fluent hypergeometric series which were used in Chapters 3 and 4 are

included in the appendix.



CHAPTER 1

AN ECONOMETRIC MODEL

1.1 The Simultaneous Equations Model

Let

&
(1.1.1) =y, + By, + }E ViZes + e = O
j=1

be the first structural equation from the set of nondynamic stochastic

simultaneous equations

(1.1.2) B'y] +T'z) +el =0 t=1,2, ..., N

where B is a real nonsirgular matrix with dimensions G x G, G = 2

and T is a real matrix with dimensions K x G, N > K = Kl + 1. yé

and zé are conformable vectors of G endogenous and K exogenous

variables, respectively. The G-dimensional vectors e are assumed
to be independently distributed as the multivariate normal with a
positive definite symmetric G X G covariance matrix () and a zero

mean vector.

fu—

G

1
A T T
(1.1.3) £, ) = @m o] * e ?

t=1,2, ..., N



Since B is nonsingular, for each ordered set (B, T, Q) there
exists a unique corresponding ordered set (IG, II, ¥) which is said

to be observationally equivalent to (B, T', Q) (Basmann, 1965, pp.

1083, 1087-1089) where Il and T are specified by

(1.1.4 a-b) T =-TB

z

0
~~
=
-
9
&

and the reduced~form model observationally equivalent to the structural

model specified by (1.1.2) and (1.1.3) is given by

(1.1.5) yé. = H'zé. + ﬂé'

][}

1 1 -1,
= -5 =5 Z
aae s ) =@zl Ze 2T e

where ﬂt is specified by

@nn n = - 39! e!

Let

(1.l1.8 a=e) ¥ =[y, ], t=1, ..., Ny i=1, ..., 6



Z= [ztk], t=1, ..., N; k=1, ..., K

2=z, 0 t=1, .., Ny k=1, ..., K

We will require that exactly one column of Z have all N entries be

1. B 1 is a G-dimensional vector defined by

(1.1.9) 5:1 = (-1, Bl’ 0, vcey 0)
and v is defined by

(1.1.10) v=K=-K -120

Let Z2 be defined by

(1.1.11) 2z = Lzl . zzj
and let ]I be partitioned conformably.

(1.1.12) 1' = [1 @ 1]

Designate the second row of Hé by Héz and let the elements of () and

5 be defined by

(1.1.13 a=b) Q= [wij]’ i, 3, =1, ..., G



= [Gij]’ i, j=1, ..., G
The concentration parameter associated with (1.1.1) is defined by

_2_ 1 ' -1,
(L.1.18) p = 0yy Ty 25 [Ty = 2,(292)) © 2112, Ty,

(Basmann, 1963a, pp. 966-967; Richardson, 1968b, p. 1219).

1.2 Standardizing Transformations
for Associated GCL Statistics

In the process of deriving the exact finite sample distribution
functions of GCL statistics associated with (1.1.2) it is convenient

to introduce standardizing transformations in order to decrease the

the notational burden ({Basmann, 1963a, p. 966; Richardson, 1968b,
p. 1216; Schoepfle, 1969, Chapter 3; McDonald, 1970, Chapter 1).

Bl is defined by the G-dimensional GCL estimator of 8 1° B 1

(1.2.1) B.l = (-1, 81, 0, ..., 0)

For v > 0, GCL estimation of structural parameters admits three alter-
native classes of estimators of Wyq° Each class of estimators

corresponds to exactly one of the quadratic forms

[ 1 ' -1,
(1.2.2 a=¢) Gl(a.l) = B.l Y [IN - Z] (lel) 21]Y B.l



1 Tt [ -1,
Gz(B'l) =B ¥ LIN -2(z2'z) "' B4
Q(B 1) = G;(B ;) - G,(B ;)

(Basmann and Richardson, 1969b, p. 3). GCL estimators of w,;, are

specified by

“311 = flq' 6, (B )
~ 1 ~
(1.2.3 a=c) ®; = F Gz(B.l)
— _ _1-'. ~
w4 =5 Q(B.l)

(Basmann and Richardson, 1969b, p. 3). The variable whose distribu-
tion function is computed in each of (1.2.3 a-c) is designated by U

and is respectively defined by

(1.2.4 a=c) U



Standardizing transformations provide the following definitions

of B., V

> Vs Vs Vys and v

4
1
By = °;.%_ ["12 + B,(0)10p, - "iz)z]
. 1
By~ G-zé [012 +V,(0019, - c’iz)z]
(1.2.5 a=-e)

- -1 2

QB 1) = 0y Vy(071955 = 9)y)

G (B .) = o V., ( - o)

2¢B 1) = 955 V300979, = 05

G (é ) = c-l V,(G,.,0,, = 02 )

1°7.1 22 "43711722 12
From (1.1.4 a-b), (1.2.3 a=c), (1.2.4 a~c), and (1.2.5 a-e) we deduce
the following relationships corresponding to the three definitions of

(1.2.4 a-c):

=2
v,/(L+ 87

[en}
]

-2
(1.2.6 a=¢) U v3/(1 + B )

- 2
U=V2/(1+ sl)
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CHAPTER 2
THE DISTRIBUTION FUNCTION FOR THE GCL

ENDOGENOUS VARIABLE STRUCTURAL
COEFFICIENT ESTIMATOR

2.1 An Approximation of the Distribution Function

Richardson (1968b) has derived the exact finite sample density

function corresponding, in the way specified by (1.2.5b), to the GCL

endogenous varichle structural coefficient estimator Bl.

-2
(22 -2

(2.1.1) ﬁ(vl) = r(%grzzgl) ) (1 i v 2) v;Z
1

Yl 1+V
2 3 1
J 3
- 22
F (L By u >
X g 1(2 t v Ty

- <V < @
<%

(Richardson, 1968b, pp. 1218-1219).



We define xz, Z, X5 X, and Ah(z) by

2 =+ B

—2— 2
BBy
z = A
2.1.2 ; u(slvl + 1)
[ a=-e X, =
1 (1 + V12) 1/2
. - u(V1 - 61)
(1+v 2)1/2
1
ez F<!§g + m)
A (2) = VEL
LT+ m)

(Basmann, 1963b, p. 2).

Then from (2.1.2) we obtain

2.1.3 2ty u(Bv, + 1) o

.1.3 a=b) dx = ——F——
(1+v12)3/2 1
b 4 2 = xz - x2

11



From (2.1.1), (2.1.2), and (2.1.3) we obtain

(2.1.4) h(Vl)

Making use of the binomial formula (Hall and Knight, 1950,

p. 138) we write (2.1.4) as

A
2 + 2

£

(2.1.5) h(Vl)

ped

2.0 2
ZA } &5 ) (P

o<V <o

By interchanging the order of summation (2.1.5) can be written as

1

T

(2.1.6) h(Vl) =

12
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o _2\_ © ' m«n
z re 5 tz z m Am(z) <2_2\‘ 0
X L (mny' \2 /)
n=0 m=n
n
L
X ol 2 )
- < <
@ Vl [>]
We define Cn as
2
-2 + 2 il m=n
H
(2.1.7) ¢ =e 2 z me A2, 2
" (m~n) ! \2 )

1}
(0]

\
+ 0
(2.1.8) Cn ) >

118

v, vl C oo
X 1Fl (2, 5o+ n o+ m; 2z)

Replacing the confluent hypergeometric function in (2.1.8) by its

series expansion using (A.4) and making use of (A.2) we nbtain



(2.1.9) Cn =

P

0

m=

Replacing m by m=t in (2.1.9) and making

we obtain

2' .
(2.1.10) Cn

X

use of (2.1.2) and (A.7)

2

. %— F(ng + n)

G
S g, @)
m=0 (Xgl + n)m -

-é 2 t

@ (_m)t (? (1 + -612>
z . t.
t=0

From (2.1.10), (A.4), and (A.12) we obtain

2. . =
(2.1.11) Cn

e

2
- A
2

1+ 8%

V2

oy T(22 1)

2
vil



N

F1
w0 \ 2 T 1

._2 f-l"

(““‘-n) (-v-n-m)t (1+"2\/

xtzo ("""n-m)

Using (A.2) and (A.7), (2.1.11) can be written

2
- nt+v
t
-é' 2
S w2 ("‘1‘—"2‘>
\-2-n>tf‘<2+n-t). 1+[31
XEB T'(v+1l+mn-~-t) t!
t=
m
) i (v+1+n) (—-\’iz-+ n - t)m . (%\_2.
m=0 (ﬂ+n> (v+1+n-t) ms
From (A.4) and (A.18) we have
2 m
(2.1.13) 2 (wiﬂ)m (F+n-t) 3)
w. ]

(T + n) (viltn-t) me

m=0

15



w1 )\2 1
I‘(———-2 + n)l“(\)+1+n-t) 7 }\2 2
? . w2 ¢ (?l- >
F(v+1+n)1“(7 +n - t)
2
as A - o,

From (2.1.2), (2.1.12), and (2.1.13) we have

)

Ml

-2, 2 2

@114 ¢ +(%) a+55

as p >,

Then, from (2.1.6), (2.1.7), and (2.1.14) we have

2, 2 X
~ 2@+ -5
(2.1.15) h) = oF2 e
,.ﬁ-n' (14+v 2) 2
1
- © <'Vl < @
for large ;2.
From (2.1.3) and (2.1.15) we have
(2.1.16) hv)av, =
wtL 2
a+5% 2 T2
1 . €
v=1 dx
== NI

2.2 =
(1-&-\11 ) (;31V1 + 1)

16
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-co<V1<m

for large EQ.

Let the distribution function of V1 be defined by

v
(2.1.17) HEV)) = [

-0

h(vl) dv1

-co<Vl<oo
Richardson (1968b, p. 1225) has demonstrated that

0if V. < B
(2.1.18) H(V)) - { 11

. > =
1i4if V1 = Bl

- o< Vl < ©

as yp - o,

Basmann (1963b) has obtained an approximation for H(Vl) when w=1.

Setting v=1 in (2.1.16) gives Basmann's expression for h(Vl)dV1 for

large _2. We will approximate H(V.) from (2.1.16) by means of incom-
K 1 EIL250 e

plete beta functions, IB[a, b; x| (A.34).

Since the transformations (2.1.2 ¢,d) are not monotonic, care
must be exercised in performing the integrations and making the changes
of variables required to obtain the final form of our approximation

of H(Vl).
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From (2.1.2), (2.1.16), and (2.1.17) we obtain

BV, =B))
v-1
r,(1+v12)1/2 w22
(2.1.19) HV) = | _ [1 - (—0]
T B
2
- X - X v-1 - §-
x (1 -8 - ;E—ﬂ 1 - By - ;I—‘ . é__ dx
21T
- oo<V1 < ®
x 2
Making the substitution (3? = t we obtain the following expressions
for the approximation of H(Vl):
For Bl =0
(2.1.20 a-b) H(Vl) x
2 f2n
. .1 IS
oL T2 7 "2 °
X JL ; t (1 -t e dt
‘0
v 2
1 -2
2 ...]:. \)_‘_]_._ -Lt
n
MW e 2ain? e 2 al
t.’o J
~o<V_ =0



1 1 y-1 ﬁ
"2 7 "2t
x{ i t (1 - t) e dt
J
0
2
.1 vl _w.
j1+v tz(l_t)z ez dt}
0=V, <=
ForBl>0
—~ A
(2.1.21 a-c) H(Vl)— —
2 [m
-2
(v.-8.)
1 . 1 12 1 v=1
2
y { (1+B ) A+V) 2 gl (=)

1 2

2.V -%—t
[ 151( ] e de

L 1 v-1

OB ¢ 2 .2 (oY
0

1 2

2 -2 t

19



20

-~-o<y, = 'é—
B1
HY) = —A—
2 JLn
. -1 y-1
x | e tasn’ @
1 2
2.V LAy
- t 2
x[1-1F) & ] e ?
—4— 1 v-1
SO e 2l ? oY
0 :

- t %V '%Et
- BlgR ] e at
-1 y-1

1 2 2
+ t (1 -1)
Js

_ . %_IV --Zﬁt
X[1+{Bll(-1-_—£-)_J e dt

v.-8.)>

R b L 1

-J“l"f’l) A+vD T2 2



1o A,
)
xRl | e P e
1 - <—
- =v1=61
Bl
A
2 Jf2n
-1 y-1
(T e 20-0%
J
0
%\’ -ﬁt
x[l iBll (-ftf-{) e 2 dt
1
1 v=1
— -3

1 2
2.V -%-—t
X [1 - IS | ( ]
-1 y=1
1 2 2
+ t (1 ~-t)
Jo
by Ly
- t = -Z_-t
X [1 + |Bl‘ ('i'_—t':') J' e dt
-2

-2, " 2
+I<1+81) @+v) (1 -1t)

21



X [1 B ‘51' (1 ] 2

Bl éVl <
For El <0
- A
(2.1.22 a=~c) H(Vl) = —
2 J2m
.1 v-1
x{ ’['(1'*'51) t 2 (1 -1¢)
0
R
(- BlaR ] e’
- .2
_T (1+§12) 1+ vlz) .
Jo
1 2
2 - -)é‘—-t
[1- 151 & ] e
- <V, =B
HV.) = -—-L_—_
1 2 Jom
L 1 el
X { j (+B,) 2 (L gy 2

dt}

22
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2

i, A
X[1'|81| (TE'E)] e 2 dt
= .2
. (Vl-Bl) 1 v=1
) 2 "2 z
+J‘(1+Bl) A+Vi) ¢ 2 .y ?
0
v,
X[:l"'".él‘ (TE'E')_J e 2 dt}
- . -1
By =V, = 3
1
H(Vl) :23\/-2—
n
L .1 5
0
1 2
x[l 18,1 G e dt
_1 y=1
1 2 2
+ t a-o
J
1 2
2_v '%"t
dt
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%\’ S S
By ¢ e 2 a
-2
- (1+8,) W+ T2y Y
0
1 2
_ . 2.° -%‘-—t .
X[l-lﬁll () e dt}»
1
-==V. <o
B 1
A,
z provided by (A.4)

By use of the series expansion for e

and the binomial formula we can write (2.1.20), (2.1.21), and (2.1.22)
in terms of incomplete beta functions as follows
For Bl =0

....2P

C2)

(2.1.23 a=b) H(V)~—-”=- z
2 VQn p=0 pe

flaee s

-I [-]-- m———— o
BlL2%1P "7 14V,

- =
® < V1 =0



For El >0

A
(2.1.24 a=c) H(Vl) = z >
p=0

- 2
w,-B))

-2,
(1.

]

25
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= (- f_\p
N N 2/
H(Vl) = — z p:
2 \2m p=0
\Y
N
X z (k> Bl‘
k=0
v-k ket okl = |
- ) I [.._2__ , P > 2 !
- d
B (1+8;7)
r B:‘;'_}-_ \)-k+]. —{,
T tR T L
"okl v=k+1 1 '(Vl_-sl)_' )
~Ip T T T o
B @V
1 1
1 < =3
- _B_ = Vl - 81
1
2
e _A__)p
wwy) = L z p%
2 /2 p=0
\YJ
S
X Z \k lall
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-k K+l vek+1
AO 1 [ K, S 1]

vk C kel kbl 1
- (=) IBLT+p,V2 3 T —2 ]
(1+48,)

-2
(Vl-Bl) 1

k k+1 vek+1 1 |
+ (") 1 . s 5 —
B [ 2 2 (1'”512) a+ Vlz)J J
By =V, <@
For _él <0
2
)\ i (' %_>p
(2.1.25 a=c) H(Vl) = — z )
: 2 2n p=0
v
) k k
x ) ) B e
k=0
k+1 v=k+1 1
I - > H —
&l 2 (148, )
v.-B.)2
o1 kil vek+l 1 . (161 ]}

p’ 3 ——
BL 2 2 (1+812) 1+ vlz)
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k
x{(-) IB['IS':';—I-FP, Mfl; .1.2 ]
(1+8,%)
,-8.)?
o [kl yoketl 1 . YRy ]}
+ B 2 + p, 2 2

Ty a+vh

'61 sV, s- %;
] )\2 P
~ A (' T)
H(Vl) - 2 2 pzo p-
v
X z (1\:) 1By ‘k
k=0
x {(_)k IB k;l + v-§+1; 1 ]
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kel yoktl |

vk k+1 vek+1 ]
MR

(V.-8B.)
v=k k+1 v=k+1 1 . 1 "1
- (=) I =+ p, : = —Srree
B [ 2 2 (1+BIZ) 1+ V12)] }

2.2 Some Computational Results

We can express the incomplete beta functions of (2.1.23),

(2.1.24), and (2.1.25) in terms of hypergeometric functions by means

of (A.36b) when the arguments of the incomblete beta functions are less
than one and in the closed form specified by (A.37) when the arguments
are equal to one.

A computer program in the Fortran IV language with double pre=-
cision real variables has been written suitable to approximate H(VI)
according to (2.1.23), (2.1.24), and (2.1.25). In the following
tables we present some examples of approximations to H(Vl) for
v=0,1, 2, 3, 4, 5, El =0, 1, and E"' = 10. We will take into

account the approximation made in (2.1.13) by computing an appropriate
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normalizing constant; i.e. we approximate H(Vl) according to (2.1.23),
(2.1.24), and (2.1.25) subject to the restriction that H(Vl) +1

as V1 -+ ®,

TABLE 2.2.1
Normalizing Constants: E = 10

v Bl = 0 Bl = 1

0 1.0700 1.0293

1 .9980 1.0000

2 .9448 1.0293

3 .9000 1.0998

4 .8630 1.2131

5 .8295 1.3694

TABLE 2.2.2
-2 -
H(Vl). poo= 10, Bl =0
v V=0 w=1 v=2 v=3 V=4 v=5

1 H(V)) HV,) H(V.) H(V,) H(V,) H(v,)
-1.0 .0213 .0128 .0076 .0051 .0037 .0025
.8 .0363 .0240 .0170 .0126 .0089 .0075
.6 .0672 .0518 L0411 .0329 .0272 .0227
4 .1380 .1197 .1060 .0942 .0844 .0761
.2 .2816 .2674 .2555 .2449 .2353 .2270
0.0 .5000 .5000 .5000 .5000 .5000 4999
.2 .7189 .7329 L7437 .7558 .7643 7734
4 .8627 .8806 .8933 .9067 .9146 .9242
.6 .9335 .9484 .9580 .9680 9718 .9786
.8  .9643 L9772 .9821 .9883 .9901 +9937
1.0 .9793 .9883 .9915 .9957 .9954 .9987
1.2 .9853 .9935 .9950 .9972 .9968 .9996
1.4 .9889 .9959 .9962 .9987 .9976 .9984
1.6 .9927 .9970 .9956 .9988 .9960 .9982
1.8 .9931 .9974 .9966 .9973 .9970 .9972
2.0 .9963 .9973 .9964 .9970 .9967 .9975



TABLE 2.2.3

-2 -
H(Vl). o= 10, Bl = ]

<}

o
.

OG)CJ\-L\NOGJO\-L\NOQON:PNO

WRNNNDNNE

v=0 V=1 v=2 V=3 V=4 v=5

H (Vl) H (vl) H (Vl) H (vl) H(V,) H(V,))
.0002 .0030 .0029 .0022 .0065 .0085
.0094 L0125 0172 .0214 0274 .0334
L0440 .0612 ,0812 .1025 .1265 .1514
1462 .1933 2422 L2926 .3437 .3939
.3154 .3947 .4688 .5379 .6019 .6592
.4997 .5942 .6736 .7399 L7945 .8392
.6526 7451 .8128 .8644 .9025 .9308
.7626 .8423 .8949 .9310 .9547 .9710
.8358 .9017 L9401 L9644 ,9786 .9876
.8836 .9370 .9648 .9813 .9897 .9946
.9150 .9582 .9788 .9896 .9945 .9976
.9357 .9719 .9864 .9939 .9974 .9992
.9506 .9801 .9909 .9968 .9982 .9995
.9608 .9855 .9943 .9977 .9988 1.0002
.9681 .9890 .9958 .9985 .9997 1.0002
.9734 .9920 .9967 .9989 .9996 .9998
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CHAPTER 3

THE DISTRIBUTION FUNCTION OF THE GCL
IDENTIFIABILITY TEST STATISTIC

3.1 The Asymptotic Distribution Function

Richardson (1968a) has derived the exact finite sample density

function of the identifiability test statistic defined by

Q(§ 1)/\a
(3.1.1) F = —=r

where m is defined by
(3.1.2) m= N-K

From (1.2.3) and (1.2.5) we have equivalent expressions for F

=2
b

(3.1.3 ab) F=3-A2
W11
v. /v
F= 2
V37m

The density function of F is

-2
- b 45,)
v/m 2 1
(3.1.4 a-b) g(F) = 3?57532;755 e
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L)

L d —— 4 v
12“‘2 s+& 2 J . s-+“,-)_-1
( > ( ) ( F)
2 2 m
m-i-\)I s

] 1 =t —\)-
sy A 3t (1+mF)

¥

o
(

)1d®);esl ™5, 5,

1) 1Y [miviZ
s+j+£K2/j\ 2 /542

£l

|

N

'-21-+L, yi'!+s,
X 2F1 1
m-!-;l—2+ + £ 1+—F
0SF <o

= 0 otherwise
(Richardson, 1968a, p. 209).

A random variable distributed as (central) F with v and m degrees of

freedom has the density function

v
7" 1
® @9
B(v/2,m/2) oy

(1+%)

(3.1.5 a=b) g(F) =
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0 =EF <o
= 0 otherwise.

lLet the distribution function of F in (3.1.5) be defined by

(3.1.6 a-b) G(F) = fF () df

0EF<ow

0 otherwise.

From (3.1.5), (3.1.6), (A.34), and (A.36) we obtain
-y

Dk

(V/2)B(v/2,m/2) (1 + 2 ) 2

(3.1.7 a=b) G(F) =

myV
L 55 2y
m
X oFy w2 1+2F
X m
0=F <o

= 0 otherwise.

Let the distribution function of the identifiability test statistic

be defined by
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F
(3.1.8 ab) G(F) = |  g(£) dt

- 0

0 =F <=

= 0 otherwise.

From (3.1.4), (3.1.8), (A.2), (A.4), (A.34), and (A.36) we obtain
b
2
v
(2¥)

(v/2)B(v/2,m/2) (1 + i F)

(3.1.9 a=b) G(F) =

my
2

E D R
)
- * 3522
5y G B
X , Strt s! ji gl t!

S,j,4,t,r=0 (1 + -I;l- F)

( 2 1\ ’m+\>+1>
2 1+A2/j+z( 2 /i
X (w_l /'_1-

7 Js+itg \2/;

(P erees @z + 2y

") e (e




o
HA

F <o

= 0 otherwise.

Using (A.2) and (A.4) we write (3.1.9) as

Y

2

(z%)
(3.1.10 a=b) G(F) = = ey
(V/2)B(w/2,m/2) (L + 2 F) 2

Fadd (e
(

o (5

- (.Y. F>s+r L)_] 1 W >s
m . \2 2
z y  SFTHE st j! t!
s8,j,t,r=0 (1 +;F)

(59, (3) ) ean3)el2)e

ZGH) ! -2 (v+2>
2 s+j\ 2 /j+t\ 2 /s+r

V-2 1 1
Ve : = = . - 2=2
2+J: 2+j: 2+t’ 82

33 y—;'l'+s+j, m+;z)+2+j+t

1,
- 2’

0 =EF <o

= 0 otherwise.

— —

36
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By repeated application of (A.11) and by use of (A.13) we have

w2 . 1 . 1
T"' Js 'E'*'Ja E"’ t;
‘52,—2
(3.1.11) 3F3 o 1M
W1 w2 o, 1 2
= tst+i, T titt 5
5 22 Eﬁ?z
“‘ .
L o () (= 3ee) (3e) f3e)
L. 2 2 (2 g )lars)olare),
T ! /vl ) w2 )/_1_)
2=0 \"7 +5+] z( 2ttt )35/,
-B-ZIL'ZP
© 1 (miy ) <nri-v+1 >
xz (2_> \2+s+t+£2/2 +3)
p: ' (mi-\H-Z . 1 >
ar 5 +J+t+£,)p\2 * 1)
E}qq
V)
2 (-A) (Bes+ess)
X Z ql ) 1
q=0 <5+ L+ p>

Replacing g by g-p in (3.1.11) and making use of (A.2), (A.4), and

(A.7) we obtain

V-2 1 1
=2t 7ti, o+t s
By b
(3.1.12) 3F3 3
vl . mEvk2 1.
7t 8+ 3, T+ it o



22 5l ,
' 2(’ ) (2 gre) ) Bw),

= e — —
R e R
2=0 3 t8ti ) \To  titt), 2>z
22 1
© (35
z 2 (B-"-! +8 +z>
X q' . 2 g
- ) L )
q=0 (2 + 4 q
-q, E"-g—‘-’-~¢-zs+t:+1z,, m*;’” + 33
X 3F2 1
m+;+2 +j+t+L, % + s+ 4

We have
-q, -‘%2 +54+t+ 4, m+;i—1 + j;
(3.1.13) 3F2 1
“"’;* 2 Livten, —“%’3 +54+4;
(B pa®52)
~ \2)pa\" 2 it
OMES
2/ 4t 2 j+q+l
-t, B ysipq, DL 45,
X 3%, '
E-zﬁ'-z- +i+o4q, 3'3"2—2 +5+4;
| _
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by (A.2) and (Bailey, 1964, pp. 16-19).
From (3.1.10), (3.1.12), (3.1.13), (A.2), and (A.4) we obtain
»
v ,
(m F) m-v

(v/2)B(v/2,m/2) (1 + 2 F) 2

N

(3.1.14a-b) G(F) =

E (e

. Z A2 L7
e
- 2-2
= e 0BT
X 2: S+r+t st ti 4. q! p!

r,8,t,4,9,p=0 (1+ ‘:';’ F)

<m+;>+ 1>p(_rn§2>s+t+r(§>s+£(-t)p
/1 CR2
\T>s+z \"2 Jetr

(yf! +S+!"'P>q<- % +s>1,

(Piz-\’ﬂ)q-i-%p

V2 mvil
9 2 2 + p;
X 22 -2
vl 2 %_
-7;—-+s+z, m+;+ +q+4tp 5



0 =EF<e

= 0 otherwise.

By (A.2) and (A.18)

i

(3.1.15 a=b) lim G(F) = lim Y
[T e (V/2)B(v/2,m/2) (1 + ;n‘i F) 2
-2
T VE2\(mEvtlY
2 T F(\ 2 )F\ 2 /]
x e Lp/.\i*i)r-’mwz
\77 /"\2
. o \SHT 'EIZEZ s
(E F) ( 3 )
X s+rtt s! tl p!l

(P_t;-*—l>p (%) sttir @')s -0,

( v;-l)s (“;2> s+r (m;*—z)p

x

=), ()
= (mEY e .
) e —

q=0 \-—-2-—- +p)q




0=F <o

= 0 otherwise.

Making use of (A.2), (A.4), (A.18), and (A.33) we have

v
5 mEy

Ee) (43 2
my

(v/2)B(v/2,m/2) (1 + 2 F) 2

(3.1.16 a=b) G(F) -

-2
B, °
s+r
o e (ﬁF) <1+512>
DY) s
v . S+rdt  s?  t!
s=0 t=0 r=0 G+ P
(B o 0 A+
X 2 /s+t+r\2/s z D 1
(.‘L*‘.?.) pt
2 /8+r p=0
0 =EF <o
= 0 otherwise

aSu -+ o,

41



By use of (A.2), (A.4), (A.6), and (A.11), (3.1.16) can be written

as follows:

(

y
v 2
mF> A
142 F (1+;312> 2

(3.1.17 a=b) G(F) -+

=]

)

(v/2) B(v/2,m/2)

- o

= F B
=) =)

L 2

s! r! t!

s=0 t=0 1r=0

COMCOMEEED,
\ 2 /s+t\2/s+4r 1 2 " t s
(%2)
2 /s+r
0 =F <o
= 0 otherwise

aSu, - @,

We have

(3.1.18) i i

[= -]
z s! r! t!

s=0 t=0 1r=0

42
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X @), Qo -2 - 1),

72
7 S+r

H
et I

(E%!>s+t(§)8+r<l - % - t)r

+ H3ic

(E:".ty.>8+t(.22>s+r(1 - g' - t>r
(w—z

>

2 >S+r

Replacing £ by t4xr in the first expression to the right of the equal

sign in (3.1.18) and making use of (A.2) and (A.7) we obtain
v s+r = 2  s4t

) &5

1+ 3.2

© © t v
Gl ) ) ) g €t

8=0 t=0 1=0




P oreBoaelt - 5 - ©);
(22
2 /s+r

Mg ST =2 . s+rit

GG C)
2 /s+t4+r\2/s+xr 2)t+r

' (%—%)S-Fr(%)t (1)t+r

Replacing r by r=s on the right side of (3.1.19) and making use of

(A.7) we obtain

( ﬁF >S+Z —8-12 >s+1:
© © t v — 2
(3.1.20) 2 z Z 1;: n " r!1 ! =

s=0 t=0 1=0

(yi'!>s+t(§>s+r(l ~ % - t)r

<v+2
2 /s4r

t=0 r=0



X (®).0.0)...
(32),(3), D

(-r)s(-t-r)s

(1-%-t-r)s s!

3

8=0

Using (A.7) and (A.8) and replacing t by t-r on the right side of

(3.1.20) we obtain

@ t Bl
(3.1.21) 2 Z z 8! r. t.

(E§!>s+t<§>s+r<1" % - t)r

N
2 /s+r
r
2F
> ) m) (mv>
Z (5>r(1'§)r L LA LF
.\ﬂ) r.
0 (2 o
-2 t
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Replacing r by xr+t in the second expression to the right of the

equal sign in (3.1.18) and making use of (A.2) and (A.7) we obtain

LA >t
m

Ny -2
asan T T T St

s=0 r=1 t=

(%‘Y)sﬂ('%’)sgr(l -3 t>r

(w-z‘
2 /s+r

~18
18
(3
A8
”~~
1
o’
|
+
8 le
i
rT
'-I—'
+
™
fumd

/)]
[}
o
"
L]
[uey

o Eose Do)l - 3,

( s+rt+t o r+t

Replacing s by s=t on the right side of (3.1.22) and making use of

(A.2) and (A.7) we obtain

( ﬁ F )s+r( 512 >s+t
® ® rel —-:g -2
Gi y ) ) - +s? - rzl - Btl:

8=0 =1 t=0



(“2-!>s+t<§>s+r<1 " % - t)r

X 2/x
(2*.2—'>s+r
o), @,

X z (1+r)t t!

t=0

Using (A.2) and (A.8) and replacing r by r-s on the right side of

{(3.1.23) we obtain

e ) G
aray Y Y ) —Pm =

s=0 r=1 t=0

(%J')s-rt@)sﬂ(l - i' 8

(%2)
2 /s4r

=
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. (=1
O.0-3 v
L 25y

(yfy')sn(%)sg(l - I:;_l - t>r

(%2
\ 2 /s+r

y Q-9 . e
= %),




By use of (A.6) and (A.11), (3.1.25) can be written as

A s+r r§2 s+t

m 1
= = = (¥ (732
G120 ) ) ) IZTEF r:HElc:

8=0 t=0 r=0

(ﬁzx)su(%)sw(l - 'I?% N t>r

p—

(=82)
2 /s4r

From (3.1.17), (3.1.26), and (A.4) we obtain

v

(2¥)

(3.1.27 a=b) G(F) - Ty
(v/2)B(v/2,m/2) (1 + 2 ) 2

N

2°1 V42, 1Y
m

49
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o
A

F <

L}
o

otherwise

as p -$ o,

From (3.1.7) and (3.1.27) we deduce that the distribution
function of the identifiability test statistic converges to the
(central) F distribution function with v and m degrees of freedom

-2

as y -,

3.2 Some Computational Results

Let the moments (if they exist) of the identifiability test

be defined by

(-]

(3.2.1) E[Fh]= j Fh g(F)dF

-0

where g(F) is specified in (3.1.4). Richardson (1968a) has obtained

o

an expression for E[th and has shown that h <3

is a necessary and

sufficient condition for E[th to exist.

-2
h - 1+ E 2)
(3.2.2) E[F') = & e 2 1

[ (g - oG )t )r(5?) -

O + ) -
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(wz J+Z(2/1+f;(.2y‘+h> (_v_%-__ )

SN OXC IV

(Richardson, 1968a, p. 210).

The moments of a random variable distributed as (central) F with

v and m degrees of freedom are given by

b 1@ (2 4n)

(3.2.3) E[F') = &
r<2> ( >

with h <§ .

When m > 4 we can use the method oi moments (Kendall and Stuart, 1963,

pp. 148-152) in order to determine a (central) F distribution which

approximates G(F). Let the parameters of the approximating (central)
F distribution be designated by (;, ;). Let the first two moments of
the identifiability test statistic be designated by Wy and oo « Then,

making use of (3.2.3), we use the method of moments to obtain

2“’1

(3.2.4 a-b) m = —

]
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Zug = wphy T Hyg

Computer programs in the Fortran IV language with double pre~
cision real variables have been written suitable for computing G(F)
according to (3.1.9), for computing E(F) according to (3.1.7), and
for approximating G(F) making use of (3.1.7), (3.2.2), and (3.2.4).
In the following tables we present approximations of G(F) obtained by
the method of moments. Results are presented for v=1, 2, 3, 4, 5,
m = 10, 512 =0, .25, 1, and ;? = 10. No results are presented
where the computation is performed according to (3.1.9) since the
computation time is prohibitively large. The inaccuracy in computing
G(F) for laxge F in Table 3.2.6 with Elz = 1 is due to computational
roundoff error resulting from the large number of terms required to

satisfy the convergence criterion.



(S RS VAR N

TABLE 3.2.1

Moments of the Identifiability Test Statistic:
m = 10, 72 = 10

=2 =2 =2

E(F)  E(F°)  E(F)  E(FY)  E@F)  E(F)
1.139 5.281 1.222 6.316 1.387 9.063
1.149 3.572 1.235 4,253 1.417 6.098
1.157 3.013 1.245 3.572 1.438 5.115

1.164 2.739 1.252 3.234 1.454 4,621
1.170 2.579 1.258 3.032 1.465 4,320



WOWOONNOAALMUEDWWNRNNNNR b e

$2_ o =2 _ =2

- B, =0 B .25 =1
F G(F) o L — B —
G(F) G(F)-G(F) G(F) G(F)~G(F)  G(F) G(F)-G(F)
.2 .3357 .3958  .0601  .3705  .0348  .3180 -.0177
4 4587 .5098  .0511 4875  .0288  .4415 =072
.6 .5433  .5864 L0431  .5671  .0238  .5269 ~-.0164
.8 .6073 .6435  .0362  .6266  .0193  .5023  =-.0150
.0 .6589  .6886  .0297  .6742  .0153  .6440  =-.0149
.2 .7005 .7261  .0256  .7128  .0123  .6867 ~-.0138
4 .7357 L7570 .0212  .7449  .0092  .7218 ~-.0139
.6 .7650 .7830  .0180  .7726  .0076  .7513 =-.0137
.8 .7899  .8052 0153  .7960  .0061  .7773  ~-.0126
.0 .8120 .825  .0133  .8160  .0040  .7990 =.0130
.2 .8306 .8422  .0116  .8334  .0027  .8177  -.0129
4  .8468  .8560  .0102  .8495  .0027  .8350 ~-.018
.6 .8617 .8698  .0081  .8629  .0013  .8493 =-.0123
.8  .8742 .8822  .0080  .8748  .0006  .8627 -.0ll4
.0 .8851 .8924  .0073  .8860  .0009  .8740  =-.0112
.5 .9083 .9132  .0049  .9077 =-.0006  .8976 =-.0107
.0 .9259 .9302  .0062  .9249 -.0010  .9157 =-.0102
.5 .9387 .9433  .0046  .9375 -.0012  .9289  -.0098
.0 L9495 .9529  .0034  .9483 -.0012  .9401  =.0093
.5 .9580 .9613  .0033  .9569 ~-.0011  .9491  ~-.0089
.0 .9639 .9673  .0034  .9630 =-.0009  .9564  =.0075
.5  .9696 .9728  .0032  .9689 ~-.0007  .9624  =.0072
.0 .97h2 .9766  .0024  .9726 -.0016  .9664  -.0078
.5 .9770 .9805  .0035  .9768 -.0003  .9706  =.0064
.0 .9803 .9829  ,0026  .9801 ~-.0002  .9742  =.0062
.5 .9831 .9857  .0026  .9821 ~-.0009  .9772  =.0059
.0 .84 .9872  .0028  .9847  .0003  .9787  -.0057
.5 .9865 .9883  .0018  .9850 -.0006  .9810  -.0055
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_ .312t= 0 "512 = .25 512 -1
G(F) — —~ —
G(F) G(F)-G(F) G(F) G(F)-G(F) G(F) G(F)-G(F)
1779 .2365  .0586 2060 .0260 1300 -.0479
3192 .3761  .0569 3443 0251 2676  =.0516
4324 4806 L0482 4530 .0206 .3854  =.0469
.5237  .5634  .0397 .5391  .0154 4827  -.0410
.5975  .6296  .0321 6094 0119 .5624  =,0350
6584  .6844  .0260 .6668  .0084 6271 =.0313
.7086  .7290  .0204 7138 .0052 .6808  -.0278
7497  .7670  .0173 .7534  .0038 7251 =.0245
7845  .7982  .0137 .7860  .0015 7620  -.0225
.8130  .8252  .0122 8141 .0011 7928  -.0202
.8377  .8475  .0098 .8372  -.0005 8179  -.0198
.8578  .8663  .0085 .8576  =.0002 .8399  -.0179
.8757 .8833  .0076 .8743  -.0015 .8586  =~.0172
.8910 .8971  .0061 .8893  -.0017 8745 =.0164
.9034  .9098  .0064 .9015  -.0018 .8883  =.0151
.9278  .9335  .0058 .9259  -.0018 9138  -.0140
.9458  .9503  .0045 9432 -.0026 9326  -.0132
.9579  .9614  .0035 .9566  ~-.0013 9462  -.0116
.9666  .9703  .0037 .9657  =.0009 .9564  =.0102
9739  .9768  .0029 .9725  -.0014 .9640  -.0098
.9786  .9816  .0030 .9775  -.0011 .9690  =.0096
9821  .9853  .0032 .9813  -.0007 .9737  -.0084
9847  .9881  .0034 .9842  -.0004 .9773  -.0073
.9876  .9902  .0027 .9865  -.0011 .9803  -.0073
.9890 .9919  .0029 .9882  -.0008 .9817  -.0073
.9902  .9932  .0031 .9895  ~-.0006 .9837  =.0064
.9910  .9933  .0024 .9906  -.0004 .9854  =.0056
9916  .9942  .0026 .9914  -.0001 .9859  -.0057
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TABIE 3.2.4
G(F): m= 10, uZ =10, v=3

_ Bl2 o Bl2 oo Blz o1
G(®) — - — -~ —

G(F) G(F)-G(F) G(F) G(F)-G(F) G(F) G(F)-G(F)
.1060 .1570 0511 .1226 .0166 .0459 =-.0600
2438 .3007 .0569 .2626 .0188 .1621 -.0817
.3703 4207 .0504 .3862 .0159 .2929 -.0774
4781 .5193 0412 4895 .0115 4123 -.0658
5674 .5996 .0323 .5751 0077 .5130 -.0544
.6399 .6659 .0260 .6452 .0052 .5959 -,0440
.6997 .7203 .0206 .7025 .0029 .6626 -.0370
.7485 7644 .0160 .7488 .0003 7171 -.0314
.7884 .8014 .0131 .7876 -.0008 .7606 -.0278
.8211 .8314 .0103 .8195 =.0016 .7958 -.0253
.8473 .8570 .0097 .8460 -.0013 .8254 -.0219
.8697 .8775 .0078 .8672 -.0025 .8490 -.0207
.8883 .8955 .0071 .8858 =.,0025 .8693 -.0190
.9039  ,9096 .0057 9013 -.0026 .8854 ~,0185
.9169 .9225 .0055 9144 -.0025 .8989 -.0181
.9401 .9453 .0053 .9380 -.0020 .9252 -.0149
.9561 .9614 .0053 .9546 -.0015 .9422 -.0139
.9671 .9717 .0046 .9660 -.0011 .9548 -.0123
.9747 .9786 .0038 .9732 -.0015 .9629 -.0118
.9802 .9842 .0041 .9791 ~-.0011 .9687 -.0114
.9841 .9875 .0035 .9834 -.0007 .9729 -.0111
.9860 .9898 .0038 .9857 -.0003 .9760 -.0100
.9882 .9914 .0032 .9882 .0000 .9783 -.0099
.9899 .9924 .0025 .9892 -.0007 .9809 ~-.0089
.9912 L9941 .0030 .9908 -.0004 .9822 -.0090
.9912 .9946 0034 .9921 .0009 .9831 -,0081
.9920 .9949 .0029 ,9922 .0001 .9839 -.0083

.9927 .9951 »0023 .9931 .0003 .9843  ~-.0085



F  G(F)

.0673
.1953
.3287
L4477
.5480
.6302
.6967
.7503
.7934
.8282
.8563
.8792
.8978
9131
.9257
.9480
.9632
.9723
.9792
.9832
.9859
.9886
.9898
.9905
.9909
L9911
.9922
.9922
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TABLE 3.2.5

G(F): m=10, 52 =10, v =4

=2
B =0

—

Py

2 .25

-2
B1

=1

G(F) G(F)-G(F)

.1106

+2509 .

3792
.4891
.5804
.6552
.7161
.7650
.8054
.8383
.8644
.8865
.9047
.9197
.9313
.9537
.9681
.9767
.9831
.9865
.9897
.9920
.9927
.9940
L9941
.9949
L9947
.9953

.0432
.0555
.0505
L0414
.0324
.0250
.0194
.0148
.0120
.0102
.0081
.0074
.0069
.0066
.0056
.0057
.0049
.0044
.0039
.0033
.0038
.0034
.0029
.0035
.0031
.0038
.0024
.0031

G(F) G(F)-G(F)

.0768
.2081
.3395
4553
5524
.6320
.6965
.7488
.7910
.8253
.8531
.8759
.8946
.9100
.9228
.9457
.9614
L9711
.9776
.9821
.9851
.9872
.9896
.9906
.9913
.9918
.9921
.9922

.0095
.0127
.0108
.0076
.0044
.0018
-.0002
-.0015
-.0024
-.0029
-.0032
-.0032
-.0032
-.0031
-.0029
-.0023
-.0017
-.0012
-.0016
-.0012
-.0008
-.0015
-.0002
.0001
.0004
.0006
-.0002
.0000

G(F) G(F)-G(F)

.0115
.0919
.2226
.3579
4763
.5738
.6518
.7129
.7618
.8007
.8310
.8562
.8757
.8925
.9063
.9305
.9459
.9562
.9631
.9670
.9704
.9729
.9737
.9750
.9750
.9758
.9754
.9749

-.0558
-.1034
-.1061
-.0899
-.0717
-.0564
-.0449
-.0374
-.0316
-.0275
-.0253
-.0230
-.0221
-.0206
-.0193
-.0176
-.0172
-.0161
-.0161
-.0162
-.0155
-.0157
-.0161
-.0155
-.0159
-.0154
-.0168
-.0173
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TABLE 3.2.6
G(F): m=10, n2 =10, v =5

_ | 812 -0 . B = .25 312 -1
G(F) — — 1

G(F) G(F)-G(F) G(F) G(F)-G(F) G(F) G(F)=-G(F)
0448  .0809  .0361  .0494  .0047 0014 =.0434
1618  .2147  .0529  .1692  .0074  .0459 =.1159
2979  .3486  .0506  .3045  .0066  .1661 =-.1318
4251 L4670 .0419 L4295 L0044  .3123 -.1128
5344 .5665  .0321  .5363  .0020  .4462  =-.0882
'6235  .6480  .0245  .6236  .0001  .5562 =.0673
6951 .7141  .0190  .6938 ~-.0013  .6427 -.0524
7528  .7665  .0137  .7499 ~-.0030  .7090 -.0438
7981  .8092  .0111  .7945 ~-.0036  .7609 =.0373
‘8341 .8436  .0095  .8311 ~-.0030  .8011 -.0330
.8628 .8712  .0085  .8597 =.0031  .8326 ~-.0301
'8865 .8936  .0071  .8827 -.0039  .8567 -.0298
9049  .9116  .0067  .9012 -.0038  .8765 =-.0285
9198  .9254  .0057  .9162 =-.0036  .8915 =.0283
9318  .9375  .0057  .9293 -.0024  .9044  =.0274
19535  .9585  .0051  .9507  =.0027 19256  -.0279
19669  .9715  .0046  .9648 ~-.0021  .9384 =.0286
'9755  .9797  .0042  .9739 -.0016  .9453  -.0302
9812 .9850  .0038  .9800 ~-.0012  .9503  ~-.0309
'9850 .9885  .0035  .9842 -.0008  .9525 =.0325
9876 .9908  .0032  .9861 ~-.0015  .9535 =.0340
‘9884  .9923  .0040  .9882 ~-.0002  .9529  =.0355
'9897  .9934  .0037  .9897  .0000  .9528  -.0369
9906  .9941  .0035  .9899 -.0007  .9514  =-.0392
9913 .9947  .0034  .9908 ~-.0005  .9500 =-.0414
9908  .9950  .0042  .9905 ~-.0004  .9483  =-.0425
9912  .9943  .0031  .9910 -.0002  .9457  =.0455
'9915  .9945  .0030  .9915 ~-.0000  .9441  =.0474
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CHAPTER 4

THE DISTRIBUTION FUNCTIONS FOR THE GCL
STRUCTURAL VARIANCE ESTIMATORS

4.1 The Asymptotic Distribution Function

Associated with !2

We denote the distribution function of U corresponding to

(1.2.6 ¢) by FZ(U) with associated parameter speace (v, Eiz, E?).
The chie-square distribution function with v degrees of freedom is

denoted by '152 w).

Basmann and Richardson (1969b) have derived the exact finite

sample distribution function FZ(U)°

v
(4.1.1 a=b) FZ(U) = [(1 B >§]2

V2
r (%

0=U<=

= 0 otherwise
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(Basmann and Richardson, 1969b, p. 24). Fé(U) is given by

v
. &S QY
(4.1.2 a=b) F,(U) = ; . :
O L e

0=sU<w

= 0 otherwise,

Designating the expression in curled braces in (4.1.1 a) by P(s) we

use (A.22) to deduce

(4.1.3) P(s) -+ (1 + '612)’

e
]
w

as py .

Then by (4.1.1), (4.1.2), and (4.1.3) we obtain

(4.1.4) F,(U) -.FZ(U)

as ) -4 oo,

4.2 The Asymptotic Distribution Function

Associated with vy

We denote the distribution function of U corresponding to
(1.2.6 b) by F3(U) with associated parameter space (v, m, 312, ﬁ?).
The chi-square distribution function with m degrees of freedom is

denoted by '53 ).



Basmann and Richardson (1969 a) have derived the exact finite

sample distribution function F3(U){

(5N
xe2

(4.2.1 a=b) F3(U) =

o (5 r(®3) i
) -

: E_>_<ﬁ§2[ g

;>\2)k

k=0

=0 "*”) ( ) :

w2 1 . V1
2 ’2+J’ 2 +k, -2

p e

X

3°3 1 W1 -2 . }

2.7t Tgotk+ i
___ —
0=U<wm>

= 0 otherwise



(Basmann and Richardson, 1969a, p. 20). Fs(U) is given by

. m
Dz . o= (@) (L)
(4.2.2 a=b) F,(V) = ﬁ_..___zzﬁ_ Z (1%21;( 22'
r(——2—> k=0 \2 /k

0=U<o

= 0 otherwise.

Designate the expression in curled braces in (4.2.1 a) by S(k).

use of (A.2) and (A.4) we have

-2 -2 p
-+ 3 &)
(4.2.3) S(K) = e z =,
p=0
vi2 (m-i-vi-l 3
( 2 /p\ 2 +k
SR CONC=y
2 /p\ 2
m 1
2 + k, > + p; B12u2
X LF -
2°2 2
w1l V2
> + p, 5+ k + p;
I —_—

By (A.2), (A.4), and (A.13) we can write (4.2.3) as
= 2~2. n
-2 _ B
-5 5+ k) - 12LJL )
(4.2.4) SK) = e Z n - :

(..“i'.l.\. n
n=0 2 /n

62
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. .. = 2=2 q
® /m /mv1 /Bl b
y z <'f_.+.k+ )q...z +k>q \ 2 >
Vil > (m*'\*z ) q!
q=0 ( 5 tn g\ 2 + k q
V2 m+\}i-1
7 » 2 Tk -2
F ¥
X
2.2, l)--+-l--i-n+q, -———mw2+k+q;
2 2
Now, by (A.18) we have
- 2-2 n
e (- PL ¥y
(4.2.5) 1lim S(k) = lim e z n2' /
-]:[,- -0 Ez—m n=0
w2 mvel .
fm . 7 > 2 vk o
\2 *+ k/n F %—
) i, m
2 /n 2 ’ 2 ?

(4.2.6) lim

T

/"2 P
b m 1 .
y z (2+k>p(2p ) 2)
7\7&-1) m V2 p.
p=0 \ 2 /p\ 2 k)




M1 om o owl ot -1 H )
NG S EL L SR T 2
By (A.2), (A.4), and (A.22) we then obtain
— L
.3k 2tk g
(4.2.7) S(k) + (1 + 80 oFp .
m+;+2 + k;

-2
as y - o,

By (A.5) we can write (4.2.7) as

/ e W2 Vi1

—2.-0 T +k)F(-5—> 7

(4.2.8) S(k) » (1 +B,) 27 7| —oge——=tn d
r(5E)r(BE )

as y -+ o,

Then from (4.2.1), (4.2.2), (4.2.8), and (A.2} we can deduce

(4.2.9) Fy () -.‘153(U)

as gy -+ o,

4.3 The Asymptotic Distribution Function

Associated with 24

We denote the distribution function of U corresponding to

(1.2.6 a) by FA(U) with associated parameter space (v, m, 312, ;?).

64
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The chi-square distribution function with mtv degrees of freedom
is denoted by f‘;(u).
Basmann and Richardson have derived the exact finite sample

distribution function FA(U) .

(B

)

(4.3.1 a-b) F4(U) =

<[ (5 r(E5) 3
I,(vgl)r W2

-nr
X i i (%)n(m;fv>n+r (')r[gl + 312>H‘
n=0 1r=0 (%)n\m;u)&*_r n. r!
7 odi
X
1w
—2
o E Yy B o) DB v n e ),
e SRS S
— 29 5+ " .
S 1§u2> e g, B i
F
5! q. 33—-.;-'_"-?-;—1+8+q,m;++k+ql




0

EU<®»

= 0 otherwise

(Basmann, Ebbeler, and Richardson, 1970, pp. 19-20).

F@(U) is given by

(4.3.2 a=b) '54(11) =

Designate the expression in curled braces in (4.3.1a) by T(n,r,k).

Ol

2

El <o

0 otherwise.

By use of (A.2) and (A.4) we have

© eV
) 8
rZ%

/ U\r

{2 r!
2 T

t -2=2 s
oo os <>< e
(4.3.3) T(n,r,k) = e 2 Z Z 2
t=0 s=0
w2 <m+v+1 (v\ {my
( 2t k) >t 3)s\ 5t n+t r)s
/mrv2 (mby ) (vEL )
Tzt k) Z/t( >s\2+ts
1 1
% » 3+ k, 2t 6
-62;2
X 3F3 - 12
1 mvi2 w1
5, —y—tk+t, S=+t+s;

66



By (A.2), (A.4), and (A.13) we can write (4.3.3) as

2.

(-

— 2—2 54
Bl' n

)

(4.3.4) T(n,r,k) = e 2 z

s=0

o
A0~

3)el52 + 0+ 2), 85 + 1)

sr

(E;_\i + n)s(%)q(%)s-}-q

> (“H'WI+Q( +q/ \2+k+q)

q.

)

m+\>+2 N /vl
p=0 7 k \2 \
=2-2 p w2 -l
(51 aly 2 th T3
X 2__ F
pe 272
Eﬂ%i2-+ k + p,

2

P
a P

+ 5+ q+p;

Now, by (A.2), (A.4), and (A.18) we obtain from (4.3.4)

-2
¥
(4.3.5) lim T(n,r,k) = lim e
o e
t = 2-2 s4q
® © ) (ﬁ) (_ Blu‘
D e
X t! 5! q!

-2
R
2



w2 ) m+\)+1> (2> /My
(2 TR )\T7 e\2/s\ 2 "'“*r/s\z)q\z*k/q

X Tmrvil >m+\) )1 VL
(2 tk)\TT 0 5( )t+s+q

By (A.29) we can write (4.3.5) as

{(4.3.6) 1lim T(n,r,k) = lim

/1 .

m |

(2>t\2 + kjt\z + n/s( r) \ 2 /q -k)q
“mb V2 ‘~, /v

+ k/t\ 2 >+ n)s\Z/q \2 )t+s+q

3(\»—1 v mo,, . Vi

X @2 53t I, 5t k; >t t+s + q;
~2 2=2 = 2=2

P LI

2 2 2

By (A.2), (A.4), and (A.28) we have from (4.3.6)

v
By K

(4.3.7) T(n,r,k) » (1 + El )

68



m 1
5,5+k; q,%+m
X oF 1 1 2f | -312
m+;+2 + k; E§2-+ n;
_____ 1 S —]
1
X 2F1 _-—12
1
2’
asE -+ o,
By (A.5) we can write (4.3.7) as
-k
(4.3.8) T(n,r,k) = (1 + Bl )
r r(—-—-—“‘*:‘{*’ 2, k>r(-‘1+2—1-> -
X L T7w2 )«’m—i-wl‘
r("2"“”‘1"\ )
[ - [ . T
-
T, 5+ 03 K G
-2 -2
x LF - B F - B
271 . . 1 271 1 1
2 T 2}
SR, — T

as y -+ o,

Then from (4.3.1), (4.3.8), and (A.2) we obtain
-V

@)’

(4.3.9 a-b) FQ(U) - w
r(25)
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© © .1“.) (E.tt\_).\ 2 D(U r+n
« z z (Zn 2,)n+r (')(1""51)'2‘)
(__y_> m+v+Tz> r! n!
n=0 r=0 2 /n 2 ntr
=) 2 -k +
(-n), (1 + B, ) T
-) . 2
ke 271 - B
=0 -V
Tt m
T —
1=~
ks G
X F -2
ol I ple!
2 3
0=EU<w
= 0 otherwise
aS IL- 4 @,
By (A.1) and (A.4) we have
-k 1-m
© —_2 - _—
(-m), (1 + B 77
(4.3.10) Z = A .52
k=0 L. 1
2 b ]
=k P
= 5.3k Lo (o352
_— o+ By ) z‘_ﬁzf_z_z. ;)
k! (1 p.

k=0 p=0 \2>p



Replacing E by kié on the right side in (4.3.10) and making use

of (A.7) we obtain

—_2 -k - k, -1';—[3 3
(-n), (1 + B,) — 9
“.3.11) ) s S e S S B -8,
=0 2 ]
@ -n) (l:gb (L¥i12>
- 2 G By
(.1_ p.
p=0 2/p
© -2 -k
(-n +p), (1 + B;)
X 2 k?
k=0
From (A.6) and (4.3.11) we have
~k lem
S (m, (1 + B0 K g
4.3.12) ) — o1 .32
: 1 1
k=0 3 H
- 2 n @ 1-m
- ( By ) z (-n)_(=7)
- 1 pe.
L+ B1 p=0 (E)p

By (A.4), (A.8), and (4.3.12) we can write (4.3.9) as
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égi
2
(4.3.13 a=b) F,(U) - 2m+\>+2
2
[- @« ‘m) 2
Z z (gjn\ 2 /n+r . ) <Bl )an/H’n
7 2 - .
n=0 r=0 K—Eisn(m+;+ )n+r " )

- s
0. E+n_ (-82

@

E: /
!

s=0 —-—+n> S

S

o
1A

U <o

= 0 otherwise
as y -+ =,

Replacing r by r-n in (4.3.13 a) and making use of (A.2) and (A.7)

we write (4.3.13) as

(4.3.14 a=b) F,(U) » ————st
4 I‘(




S oa o B OEH
X Z 2 (m) nt s’
n=0 s=0 . 2 Jirks
0=U<o

= 0 otherwise

as -+ o,

Replacing s by s=n in (4.3.14 a) and making use of (A.7) we write

(4.3.14) as

mhy
3) 2
(4.3.15 a=b) F,(U) —z—;*m

N2

® /mty { Hﬁr
< z KZ/r\-Z/
‘w2 r!
r=0 Q 2 )r

@ l_nl /_ - 2\s * -

(-r)s(2>s .\ B1 }i ( s)n
=V s

s=0 \ 2 /’S B

0=U<w

= 0 otherwise

as -«
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From (4.3.1), (4.3.2), (4.3.15), and (A.16) we can deduce
(4.3.16) F4(U) -’F4(U)

as yu - o=,
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CHAPTER 5

APPROXIMATIONS OF THE DISTRIBUTION FUNCTIONS
FOR THE GCL STRUCTURAL VARIANCE ESTIMATORS

5.1 Approximations of the Exact Finite
Sample Distribution Function Associated
with !2

Ebbeler and McDonald (1969) have derived the following ex-

pression for FZ(U) - Fé(U) making use of an asymptotic expansion
for confluent hypergeometric functions due to Slater (Slater, 1960,

p. 60):

(5.1.1 a=b)  F,(0) = F,(U) =

- / U
( B12 > ( %>2 e 2 (ve1)
1+'"12 P F@)
S=2 g ~n
« ) ) &)
n=0
/ -612 T

r=0



o’
V+2) st

(22

x
/]
1] a1
OM

02U <o

= 0 otherwise
(Ebbeler and McDonald, 1969, p. 8).

From (5.1.1) we obtain

G.12ab) & [F0 -F,m]3

1+ B v I‘(—-
-2 -
3=y JU
X Z ( 2 >n 2 >
n=0
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r=0 r
T e
2 (-0 (5.') i
X AN
s=0 \ 2 /s
0 =U<ow

= 0 otherwise

(Ebbeler and McDonald, 1969, p. 9).

1
From (5.1.2), if we neglect powers of(;Z greater than one, the

function FZ(U) - EZ(U) achieves an extreme value, which must be a
maximum, for U =~ v.

We therefore base a decision on approximating FZ(U) by fé(U) on
the value of Fz(v) - Eé(v); i.e. when Fz(v) - Eé(v) is sufficiently
small (an arbitrary specification) we approximate FZ(U) by fé(U). We
note that Fz(v) - Fz(v) is never negative. Basmann and Richardson
(1969b, pp. 29-31) have shown that F,(U) = FZ(U) for all U = 0.

Ebbeler and McDonald (1969) have investigated alternative
approximations to FZ(U) for those cases when Fz(v) - Fé(v) has an

unacceptable value. The two methods used were the method of moments

(Kendall and Stuart, 1963, pp. 148-152) and what was termed the

modified method of moments (Ebbeler and McDonald, 1969, p. 12) in
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order to specify gamma distribution functions which approximate
FZ(U)' Basmann and Richardson (1969b) have derived the following

expression for the moments of V2:

h
. 2 r(§-+ h) - 4 512)
(5.1.3) E[VZ] = e
\
(3
. V1
@ (QE)J 7 thE g
. }E 2 . 1 B
1
' j. 11 Wl 2
j=0 -+ s

(Basmann and Richardson, 1969b, p. 15).

The gamma distribution function, G(U), with associated parameter

space (a, b) is specified by

o |

b

(5 -1.4 a"b) G(U) = l_‘—(-m 1F1 ) -
a+ 1;

0=U<o

o'ic

= 0 otherwise.

The moments for a random variable, U, distributed as the gamma dis-

tribution are specified by

(5.1.5) EluU']l]= b
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We have then two methods of computing FZ(U), by use of (4.1.1)
and by use of (4.1.2) and (5.1.1) together; we have three methods
of approximating FZ(U), by use of (4.1.2) and by the two procedures
making use of (5.1.3), (5.1.4), and (5.1.5); and by use of (5.1.1)
we can compute FZ(V) - Eé(v). Compﬁter programs in the Fortran IV
language with double precision real variables have been written
suitable to investigate each of the six computational procedures

indicated above. Some results of the computations are presented in

601.

5.2 Approximations of the Exact Finite
Sample Distribution Function Associated
with 23

By repeated application of (A.11) we obtain

w2 1 . mEvl
7 7t T otk
-2
(5.2.1) 3F3 Jéh
1 Wl |, mEw2 .
35 3t 1, T ki
1 m L T2\T
® A Q__)
. 2 ( 7 )x’ )r( 2 “”‘) . (2
- I) (%, ) (= ) =
r=0 (2r2+‘]r(2 et
© 1 m Ei 8
) X ('E*r)s<“'z"“k+j>s ) (2)
vl o >(mi-v+2 . ) 8!
8=0 ( 2 +j+r > + k+j+ r)s



V2
2 + k; ﬁ
F
AR P 2
—3——+k+j+r+s;
L S—

The asymptotic expansion of the confluent hypergeometric function

in (5.2.1) is approximated by

V2 ]
- + k; _ﬁ
(5.2.2) 1F1 U2 2 =
-+t k+j+1r+s;
-2
e 2
e
€ (2 2 ¥ k j¥r+s
S=-1

(Slater, 1960, p. 60).

In (4.2) we showed that FB(U) - F3(U) as EZ + o, Then from (4.2.1),
(5.2.1), (5.2.2), and (A.2) we have

m
-2 . L(l +512>g]2

-2

(5.2.3 a=b) F_(U) - F.(U) =
3 3 -2
W r( 2 )




F(\H—2>1,.<m-l-w-1>
e

-k
© m m{—\)+1> r_ 2\
. Z <2>k( > k"L + B )E‘
(mZ) (m+v+-2\ k!
k=0 2 /k 2 )k
> (1) /m (. 35.2)3
 (@2er) ¥ ARG,
2 EL «
j=0 27/j
@ vl mH-V+1
(- _2—>r(-3)r< 2 + k>r
X z . 0
1) /vl r!
=0 <2§rk 2 + J>r
© i1 N m
Crrr-f-kea)
X z Torl Py (itr+s)
=+ i+ r> :
5=0 & 2 J s
0=U<w
= 0 otherwise.
By use of (A.1) and (A,5) we have
@ 1 A
(- 3+ 0)l-5-x+3),
(5.2.4) Z : ; " (j+res)
(_\’_t]; + 5 +r> 5.
s=0 J 8
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r("""‘*’]+ ><m+\’+2+k>

= (j+r)
T(—+ >F/\m+;+1 + k + r)

1 3\ W N/
('5+r}<"g’"k+j> . F( '2—3+j +r)1'\—mzv+k)
7\ ~
(Fr+i+1) (22 4 5 )r(ZEL 4 k4 1)

+

From (5.2.3), (5.2.4), and (A.2) we obtain

2\U |2
(5.2.5 a=b) F,(U) - 53(U) = ii' <1(+ Py >_]
r —2—

=

. <%>i(122+k>']/\-—612>j
"Eo CON




0=EU<e

= 0 otherwise.
By use of (A.1) and (A.8) we have

o ey,

oo Y s e
r=0 -f)r

83
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y 3+ k)3'<' ~E312)3
i!

§=0

= 0 otherwise.

Since F3(U) - FS(U) is an analytic function of 612 for finite ;? and
F3(U) and ES(U) are represented by series comvergent for all values
of Elz the results which follow are valid for all values of 512 by
the principle of analytic continuation (Churchill, 1960, p. 262).

By use of (A.2) and (A.6) we have

@ /m N = Z\j
i3+ k).\-B, ")
(5.2.8) 2 \2 ;3\ 1 /
j=0
1/m A m AT
X[2\2+k/+3\"+2+k/4”

-2

- B ’ ’ oy
: 1 ( 1 \ m it .
| - - .__-:_—. \)+_+k~ !
L2 143 2/ k 2 /

1



From (5.2.7), (5.2.8), and (A.2} we obtain

-

(5.2.9 a=b)  F,(U) = F,(U) =

0 20 <=

= 0 otherwise.

From (5.2.9) and (A.2) we obtain

1=
-
(]|

(5.2.10 a=b) F3(U) - F3(U) =

=
i
TN

-2
B

- 2/
1+B1

o
ItA

U<ow

1]
o

otherwise .

[(S1E=R )

S

m

2. 220
SO

[} [

O

L) (we o 0]



From (5.2.10) we obtain

(5.2.11 ab) &= [F, ) - FB(U)] =

d

U\l;' -1y =2

(E e 2 {7 B1 > U2
~2 _/m\ L -2

4, 1"(2/ 1+B1

e [ ()]}

We note that when Elz =

minimum for U ~ m. For

1+B1

U <o

otherwise .
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0 we obtain an extreme value which must be a

B

2
1

# 0 the extreme values occur at those

values of U > 0 which solve the quadratic equation obtained by setting

equal to zero the expression inside curled braces in (5.2.11a).

Let S be the set of U's (at most two) which determine the extreme

values of F3(U) - fs(U). We base a decision on approximating F3(U) by
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fs(U) on the value of MAX | F3(U) - fs(U) |; i.e. when MAX | F3(U) -
Uuss ues

fé(U) | is sufficiently small (an arbitrary specification) we
approximate F3(U) by FS(U). Since the moments of V3, E[V3hj, exist
only for h <-2tl (Basmann and Richardson, 1969a, p. 11) it is not

2

possible to use the method of moments to approximate F3(U) except

for v = 4.
We can then use (4.2.1) to compute FB(U) and we can use (4.2.2)

either alone or with (5.2.10) to approximate FB(U); MAX | F3(U) -
Ues

Fa(U) | can be computed by (4.2.1) and (4.2.2) or approximated by

(5.2.10). Computer programs in the Fortran IV language with double
precision real variables have been written suitable to investigate
the computational procedures indicated above. Some results of the

computations are presented in 6.2.

5.3 Approximations of the Exact Finite
Sample Distribution Function Associated
with !4

By repeated application of (A.ll) we obtain

V2 w1
2otk T st ~2
(5.3.1)  gFy | , 'R
5 m+;+ + k + q, 5t 8+ q;
|~ _
> (w ( ).(.\’_+.Z+k) (u..)
- z 2 /i j\2 . \2
- 1) ‘mr V2 ) W1 ) jl
j=0 (2 s\ 2 )T e



«
)
p=0 2

2

mV-2

V-2

+ k = 83 -2
e
2

171 | mbwi2

2

The asymptotic expansion of the confluent hypergeometric function

———+k+ g+ j+p;

in (5.3.1) is approximated by

V2
2

(5.3.2) .F
I

2

+ k - s5; )
e,
2
+k+4qg+ 3+ p;
]

(geren)(choxennd,
<

; ) (VL )
+k+q+3>pk-—-2 + 84+ q+ ]

i

W 9 —geq-j-p T(EEMEZ ;
> (EE> §=-q-j-p FK 5+ k+q+j+p)
¢ \2

r(BE2 4 g - )

-1 . / mkV N -t
(statjtp) \- =5 -k +5),

t!

s _ ﬁ\
X Kz )
t=0

(Slater, 1960, p. 60).
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In (4.3) we showed that F4(U) —0fL(U) as Ez <+ o, Then from (4.3.1),

(5.3.1), (5.3.2), and (A.2) we have



(5.3.3 a=b) F, (V) - F

.

9k

= 3 (2

(22

"\ >F<Ei§tl) J

T

2

)

2
-y |/ - 2\U7n+r
2 )n+r (-) E_\\l + B1 /_2__1'
'\m-i-\H-Z n! r!
n 2 )n+r
(w12)
0 5
k!
® ® /m\ /1 (m+\; _ = 2>s+q
z z <2>g 2 + k/qKZ/s +n+ r)s
mtv ‘WL s! q.
s=0 q=0

(-

\2 + n)s K——/s-i-q

i\

/_]( )&2 +k>

LUy

2/]-—-—-+S+q/

1

je

N\
-—+s+3>(--21--k+s+q)p

- (

p=0

<--+s+q+3\

[}

P



(s+q+j+p) E%! + k - s)

e

By use of (A.1) and (A.

V2

+ k - s>

=EU <

0 otherwise.

5) we have

1
) (- Loressd)
JE 2 ng

(5.3.4)

o
i~1s
~J
¥
(N}
+
w

(s +q+

]
+q+j>p p-

. ‘-
j+ p)\—52'+ k - s)

V2
s

(s + q +

+ k - ;>

j)(%!+k -s)l"(-\%l+s+q+j>

N

'\'—-—+k

FE )

'S)K +S+J>\-'l‘-k+s+q>

B\

m+v+2

-s)\—-?:—+s+q+j)

, N
r’\ﬁ+s+q+j)r\-—-——mv+k-s>

'ﬂH-\H-l

>I‘(——+ Kk + _]>
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From (5.3.3), (5.3.4), and (A.2) we obtain
my

{<1+él /EJZ

(5.3.5 a=b) F,(U) - F, (V) = =
4 4 -2 V2
K IHCM?. )

() l‘1“*512}'}“

i i i l)n /m;\)>n+r(-n)k
' n=0 r=0 k=0 (ﬂl';‘) n m’*'\*i'z)
 Ggelagee cur
s=0 g=0 >s \ ;+l>q . +
Z K ) > (jQ) [(s+q)\—é—+ k - s)
j=0
+ (-%+s>&-%-k+s+q>+3\ 21+q>]

0 =EVU<ow

= 0 otherwise.

By use of (A.1) and (A.8) we have
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o [ mv)
(5.3.6) 2 ((_1_>2 >i(jc.l)‘ ,r(s+q) \——+ k - s>
=0 \2)s

_m __L_ ) L mHV-1 \]_
+ ( > + s)( - k+s+q)+ JK  + q) =

From (5.3.5) and (5.3.6) we obtain

o524

;? I,&rrﬂ-\H—Z)

(5.3.7 a=-b) FQ(U) - F4(U) =

- , ) _ ot

- S . TR
m-v m+v+2) n! r.

n=0 r=0 2 n+r

3 ) BihFenr) <Sfﬁ>:‘q
q=0



(-n), l*+
“ }E . k(Z k?)k [(S+Q)\z> + q\m+v)

= (0 otherwise.

By use of (A.l1) and (A.8) we have

R i) N B )
k=0 (5>k
(=) -

’m+-\)V

@— () + o) + 2 - 5]

(-2 __4
[ 1)
\2 n

" @+P (0 G+
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From (5.3.7) and (5.3.8), replacing r by r-n and making use of (A.7)

we obtain



2\u
(5.3.9 a=b) F, (V) - 54(U) = = : ;iiz}FL
W F( 2 >

- - (L“i2'2>r(_r)n ) . l:_(l + -612 IZJ]r
X Z Z WEV) (MEVE2 | ne !
n=0 r=0 <—§_>n( 2 r

i - ) %)s m’;\) >s . '\- §12>S+q

s. q.

X { [(s+q)(§) + q(-’f-’;—‘i) +7- 52-] (-9)_

+(0+3) (g +o)eo,, |

02U <o

= 0 otherwise.

By use of (A.1) and (A.8) we have

Z (1)

a0 § oy {[ o)
n

n=0 2




(5.3.11 a=b) F, (V) - E4<U> = :—% ) (,,,WJ,Z)

o) e eo, e (10D

X (-m) k~+ q)( ~q) }

-V
( 2 + s + r>

(E L) Lo (F) + o) + 3 -5 ]
q

mty C ) ,
Ak g e
q+1

From (5.3.9) and (5.3.10), by use of (A.2) we obtain

E%!
[(1 + -512)"21}

H 2

(1'*51)__‘
r

— 2\s+g

s! ql

@ (=) my ‘-
xLzzzjq\z)\ +>+q,\Bl>

0 q=0 >s+q
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0=U<w

= 0 otherwise.

By use of (A.l), (A.6), (A.7), and (A.8) we have

o @), (5

(5.3.12) v ;
SZO \yil)s °
® (E? f_ ,
o ] AT L) e s
q=0 2 q
—2-9-2*;2-1. m v-1 —-612 mty
= A+8) Z*(z)( —-2><2 + 1)
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Jmby
r<1+_§12> : Mm o U
EY) L L
ey - EAE
W (B,
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-2 (M oV
m (w2 Py &_§—>x 2 >r
PIEET e,
i \MZM + r>s Elz S T

’ s=0 Km+;+6>s \L¥§12 -

Since F4(U) - F;(U) is an analytic function of Elz for finite E?
and F4(U) and Eg(U) are represented by series comvergent for all
values of 512 the results which follow from (5.3.12) and (5.3.13)
are valid for all values of Elz by the principle of analytic con-
tinuation (Churchill, 1960, p. 262). Replacing s by s=-q in (5.3.1la)

and making use of (A.1l), (A.7), (5.3.12), and (5.3.13) we obtain

(5.3.14 a=b) F4(U) - F4(U) =

2 -2
[ 1"( 9
- (my (- Uy
, [ m E: 2 /r 2
X 4 V2 !
r=0 2 r
-2 U
v=1 B1 kY 2
+ \2 —JN\72/¢®
1+B
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8 [~I7

\I/v
Bl .m_Z

SN
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o (mivih > -2
< 1 z: 2t T)s ( Py ) }
'm+v+6> -2/ U
s=0 ( 2 s 1'*'Bl
0=U<ow

= 0 otherwise .

From (5.3.14) by use of (A.4) and (A.8) we obtain

m-V
202
(5.3.15 a=b) F, (V) - F,(U) = ) Z/m{-v-}-Z
b I )
I LN
X {12 e 24 T (1-‘%12) e [v - (m+v)
2 2 ) ;
- (m)’m-l—Z) g) B i \-512 \
(Etgig> s=0 1+§12
m-i-;rl-é + s;
X ].Fl mvs ".Izl
>
'612 >z ] .
l+B B
e ni&z) 1)



We have

@

(5.3.16) 2 (

s=0

1

(5.3.17 a=b) F,(U) - F,(U) =

mi- V-6 +s
2
U
F - -
R 2
__,2 —
0 =U<eo>
= 0 otherwise .
—9 S m+w-4+
B, 2
) F
= 2 11
1+8, Vs
2 b4
-2

1
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0 =EU <o

1]

0 otherwise.

From (5.3.17) we obtain

(5.3.18 a-b)

d T = T
w F40 - F @0 =
MV
w2 L -7 ~ 2
&2 e f U2 A B1 Yo Tm(mE2)
-2 _/ ( -2 ‘ |
o I_<m+;)+2> L \1+E31 ) Umbvi2
-2
B
[ 71 N
+ U [m + \1¥§ 7) L - (m+v)2
1
-2
a3 r ’ Bl \
-m (m2) ] - (mkv) | m+ _2)
J L 148,

X[\)-(m-i-\))Z]:l}
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o
1A
=
A
8

= 0 otherwise .

We note that when Elz = 0 we obtain an extreme value which must be
a mipimum for U = m+v. For 512 # 0 the extreme values occur at
tﬁose values of U > 0 which solve the quadratic equation obtained
by setting equal to zero the expression inside curled braces in
(5.3.18a).

Let S be the set of U's (at most two) which determine the
extreme values of F4(U) - f;(U). We base a decision on approximating

F, (U) by F, (U) on the value of MAX | F,(U) - F, (U) |; i.e. when
4 4 UES 4 4

MAX | F,(U) - F,(U) | is sufficiently small (an arbitrary specifica-
Ues

tion) we approximate F4(U) by E;(U). Since the moments of V4,

E[Vah], exist only for h <-2§l (Basmann, Ebbeler, and Richardson,

1970, p. 14) it is not possible to use the method of moments to

approximate FA(U) except for v = 4,
We can then use (4.3.1) to compute FQ(U) and we can use (4.3.2)

either alone or with (5.3.17) to approximate FA(U); MAX | FQ(U) -
ues

E;(U) | can be computed by (4.3.1) and (4.3.2) or approximated by
(5.3.17) . Computer programs in the Fortran IV language with double
precision real variables have been written suitable to investigate
the computational procedures indicated above. Some results of the

computations are presented in 6.3,
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CHAPTER 6

TABULATIONS OF THE DISTRIBUTION FUNCTIONS
FOR THE GCL STRUCTURAL VARIANCE ESTIMATORS

6.1 Tabulations of the Exact Finite

Sample Distribution Function Associated with v,

In this section we present tabulations of Eé(U), FZ(U)’ and
FZ(U)-fé(U) for v=1, 2,3, 4,5, B.2 = .25, 1, and ;2 = 10 where
the tabulations are carried out according to (4.1.2) and (5.1.1)
(Tables 6.1.1 - 6.,1.5). Notice that for v =1, by (5.1.1)

FZ(U) ql‘f"z(U). We tabulate FZ(U) and FZ(U) - fé(U) for v=1,

Elz = .25, and ;2 = 10 according to (4.1.1) and (4.1.2) (Table 6.1.6)
for purpose of comparison with the results obtained by the afore-
mentioned method, F2(U) ==Eé(U). The computations for v = 2, 3, 4, 5
have also been made and are comparable in accuracy to those reported
here for v = 1. For all values of v, 612’ E?, and U which were in=~
vestigated the computation employing (5.1.1) was significantly faster
than that making use of (4.1.1).

From (5.1.2) we obtained that the maximum value of FZ(U) - FZ(U)
occurs for U = v, 1In Table 6.1.7 we present tabulations of Fz(v) -
Eé(v) for v =2, 3, 4, 5, Elz = .25, 1, and ;? = 10, 20, ..., 90, 100,
150, 200, ..., 450, 500 according to (5.1.1).

In Table 6.1.8 we present tabulations of E[VZ] and E[VZZ],

—-— - == ome -2 —
(a,b), and (a, b) for v=1, 2, 3, 4, 5, B;" = .25, 1, and uz = 10.
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(;, 3) are values of the parameters of the approximating gamma dis-

tribution function as determined by the method of moments (Kendall
==

and Stuart, 1963, pp. 148-152) and (a, b) are values as determined

by the modified method of moments (Ebbeler and McDonald, 1969, p. 12).

If we replace U by 2U/b and v by 2a in (4.1.2) we obtain the functional
form defined by (5.1.4). Therefore (4.1.2) and (5.1.1) can be
employed to compute G(U) and FZ(U) ~ G(U) by the two methods of
moments discussed (Tables 6.1.9 - 6.1.12). We omit these tabulations
for v = 1 since we have shown that FZ(U) ==FE(U) when v = 1 regard=-
less of other parameter values,

If, in a given application, we have specified that we use Eé(U)
to approximate FZ(U) only if FZ(U) - fz(U) < e, € >0, and having
estimated Elz by élz and E? by ﬁ? we obtain that Fz(v) - Eé(v) Zz g,
we have then several alternative methods of approximating FZ(U). We

~ ~

may compute FZ(U) for v, 512, EZ and we may use either method of
moments to approximate FZ(U) for v, Elz, i . Whether we use a com-
puted FZ(U)’ a gamma distribution function approximation, or use
EZ(U) as an approximation, the selected distribution function is then
employed in tests of hypotheses involving W)y

For more extensive tables see the article by Ebbeler and

McDonald, 1969.
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FZ(U): v =1
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TABLE 6.1.2
F,(0: v =2, 2 - 10
— 812 = .25 Blz = 1
7,0 ~ -
FZ(U) FZ(U)-FZ(U) FZ(U) FZ(U)-FZ(U)
2214 .2257 0044 .2318 .0104
-3932 4001 .0068 4096 .0164
15279 .5359 -0080 5472 .0193
.6319 6403 -0084 16522 .0203
.7136 17219 -0082 17336 -0200
7774 .7851 .0077 17963 .0189
.8259 .8329 10070 8433 .0174
-8649 .8712 -0063 .8806 .0157
-8944 -9000 .0055 -9083 .0139
29174 19222 .0048 -9296 .0122
-9364 -9406 -0042 -9470 .0106
29500 19536 -0036 -9591 -0091
-9606 19637 -0030 .9685 .0078
-9702 .9727 -0025 .9768 -0066
-9762 .9784 -0021 19818 -0056
-9810 19828 -0018 9857 .0047
-9862 .9877 .0015 -9901 -0040
-9886 .9898 -0012 19919 -0033

.9906 .9916 .0010 .9934 .0028
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TABIE 6.1.3
F,(0: v=3, 4 =10
B,” = .25 B, =1
F,(0) Fy(0)-F,(v) F,(U) F,(0)-F,(U)
.0811 0855 0044 .0921 .0110
.1986 2083 .0097 12228 10242
13179 3318 .0138 .3526 .0346
4274 4440 .0166 4689 .0415
5249 5429 .0181 -5700 L0452
-6083 6268 .0185 16545 0463
.6787 -6969 .0182 7241 0454
.7389 7562 0173 7821 -0432
7875 8035 .0161 8276 .0401
8284 8430 -0146 8650 0366
-8619 8751 -0132 8948 .0329
8880 8997 L0117 L9172 10292
.9106 -9209 .0103 19362 .0256
.9279 .9368 -0089 .9502 10223
-9419 -9496 .0077 -9612 .0193
.9544 .9610 -0066 .9709 .0165
.9630 L9687 -0056 9771 .0141
.9700 L9748 -0048 -9820 -0120
9771 .9812 -0040 19872 -0101
9811 -9845 -0034 -9896 .0085
9854 9883 -0028 -9926 .0071
.9888 -9912 10024 .9948 .0059
.9903 .9923 -0020 19953 -0050
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TABLE 6.1.4
FZ(U): v==4, p,z = 10
_ 512 = .25 812 =1
F,(0) F,(0)-F, (D) F,(U) F,(0)-F,(U)

.0265 .0292 .0027 .0336 .0071
.0902 .0986 .0084 .1121 .0219
.1735 .1881 .0146 .2116 .0381
L2641 .2842 .0201 .3164 .0523
.3555 .3799 .0264 4187 .0632
4421 4693 .0273 .5124 .0703
.5222 .5511 .0288 .5962 .0740
.5944 .6236 .0292 .6691 L0747
.6571 .6858 .0287 .7301 .0730
.7129 L7404 .0275 .7825 .0696
.7601 .7859 .0258 .8251 .0650
.8003 .8241 .0238 .8600 .0598
.8356 .8573 .0217 .8897 L0541
.8638 .8833 .0195 .9122 L0484
.8885 .9058 .0173 .9314 .0429
.9090 .9243 .0153 .9466 .0376
.9247 .9381 .0134 .9574 .0327
.9392 .9509 .0116 .9674 .0282
.9500 .9601 .0101 .9742 .0242
.9590 .9676 .0086 .9795 .0205
.9676 .9750 .0074 .9851 L0175
.9731 .9794 .0063 .9879 .0148
.9778 .9831 .0053 .9902 .0124
.9832 .9877 .0045 .9936 .0104
.9856 .9894 .0038 .9943 .0087
.9890 .9922 .0032 .9962 .0072
.9916 .9942 .0027 .9975 .0060
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13.5
14.0
14.5
15.0

F, ()

.0079
.0374
.0869
.1507
.2236
.2999
.3767
.4505
.5198
.5844
.6418
.6939
.7400
.7790
.8143
.8435
.8686
.8914
.9089
.9250
.9385
.9481
.9580
.9650
.9708
L9771
.9805
.9846
.9879
.9892

TABLE 6.1.5
-2
F.(U): v=5, 4 =
2
-2
Bl = ,25
FZ(U) F2(U)-F2(U)
.0091 .0013
.0430 .0055
.0988 .0118
.1696 .0188
.2491 .0255
.3310 0311
4121 .0354
.4887 .0382
.5595 .0397
.6244 .0400
.6812 .0393
.7318 .0378
.7758 .0358
.8123 .0333
.8449 .0306
8714 .0279
.8937 .0251
.9138 .0224
.9288 .0198
L9425 .0175
.9537 .0153
.9614 .0133
.9695 L0115
.9748 .0099
.9792 .0085
.9843 .0072
.9867 .0061
.9898 .0052
.9923 .0044
.9929 .0037

=2
By =1

Fz(U) FZ(U)-FZ(U)

.0114
.0528
.1194
.2019
.2923
.3832
4707
.5513
.6236
.6881
.7429
.7903
.8302
.8622
.8901
.9119
.9295
.9453
.9562
.9661
L9740
.9787
.9841
.9872
.9896
.9929
.9938
.9957
.9972
.9969

.0035
.0153
.0325
.0512
.0687
.0833
.0940
.1008
.1039
.1037
.1010
.0963
.0903
.0833
.0759
.0683
.0609
.0538
L0472
L0411
.0355
.0305
.0261
.0222
.0188
.0158
.0133
.0111
.0093
.0077
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TABLE 6.1.6

F (0): v =1, 512 - .25, 7% = 10

U F, (V) F, (V)

.1 .2481 .2481

.2 .3453 .3452

.3 4162 4160

4 4730 4728

.5 .5207 .5204

1.0 .6825 .6825
2.0 .8426 .8417
3.0 .9170 .9158
4.0 .9540 .9540
5.0 .9745 .9743
6.0 .9860 .9862
7.0 .9914 .9925

FZ(U)-FZ(U)

-.0000
-.0001
-.0002
-.0002
-.0003
.0001
~.0009
-,0012
.0000
-.0002
.0002
.0012
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TABLE 6.1.8

Methods of Moments: E? = 10

alz E(V,) E(V22) . b a b
25 1.248 4.667  .5003 1.995 .5000 1.996
25 2.441 11.90  1.001 1.950 1.000 1.953
225 3.599 21.57  1.503 1.916 1.500 1.919
25 4.732 33.56  2.004 1.889 2.000 1.893
25 5.846 47.82  2.504 1.867 2.500 1.871
1.00  1.991 11.83  .5038 1.976 .5000 1.991
1.00  3.763 28.10  1.016 1.852 1.000 1.882
1200 5.396 48.13  1.532 1.762 1.500 1.799
1.00  6.935 71.43  2.061 1.682 2.000 1.734

1.00 8.393 97 .69 2.585 1.624 2,500 1.679



W ooo~NNO U WN
OO0 O OCOODOOWn

.

O 00NN
DO O0O0ODO0OOOOOWwm

114

TABLE 6.1.9a
GU): (a,b), v =2, E? = 10
=2 =2
B,” = .25 B, " =1

6(U)  F,(U)-G(U) G(U)  F,(U)-G(U)
.2258 -.0000 .2301 .0016
.4003 -.0002 4091 .0005
.6407 -.0003 .6535 -.0012
.7856 ~.0004 .7972 -.0009
.8715 -.0003 .8820 -.0014
.9222 .0001 .9310 -.0014
.9535 .0001 .9590 .0002
.9729 -.0001 .9761 .0007
.9837 -.0009 .9868 -.0010
.9896 .0002 .9922 -.0003

TABLE 6.1.9b

GU): (a,0), v=2, 3% =10

=2 -2

B," = .25 B, =1
G(U)  F,(U)-G(U) G(U)  F,(U)-G(U)
.2261 -.0004 .2336 -.0018
.4005 -.0005 4119 -.0023
.6408 -.0004 .6543 -.0021
.7855 -.0004 .7968 -.0005
.8714 -.0002 .8811 -.0005
.9221 .0001 .9301 -.0005
.9534 .0001 .9583 .0008
.9728 -.0001 .9755 .0012
.9836 -.0008 .9862 -.0004
.9896 .0002 .9918 .0001



[}

« & & s 8 & ¢ B 2+ ¢
COODOODOOOOOWm

HOWoo~NOWU LW

-

s e o+ @

.

HOWOSNONUL W e
COO0OO0OOOOOOoOOOWn

bt

115

TABIE 6.1.10a

cW): (a,B), v=3, 52 = 10
-2 ~ 2
B,° = .25 B2 =1
Gy  F,()-C0) G0y F,(0)-G()
.0855 .0000 .0903 .0018
2086  -.0003 12217 .0011
4443 -.0003 4702 -.0013
6271 -.0004 -6564 -.0019
7567  -.0006 .7835 -.0014
.8434  =-.0003 -8660 -.0010
.8995 -0002 19188 -.0016
.9367 -0002 .9509 -.0006
9613 -.0003 -9705 -0004
.9758  -.0010 .9817 .0003
-9840 .0005 .9891 .0005
-9902 .0010 -9944 -0004
TABLE 6.1.10b
G(UW): (a,b), v=3, p,z = 10
Blz - .25 312 -1
C0)  F,(0)-G(0) G F,(0)-GU)
.0857  =.0002 0936 -.0015
2089 -.0007 12258 -.0031
4446 -.0006 4723 -.0034
6272 -.0005 .6570 -.0025
7567  =.0005 17828 -.0007
.8433  -.0002 .8655 -.0006
.8993 -0003 .9173 -.0001
.9366 .0003 .9495 -0007
9612 -.0002 .9687 -0021
9757  -.0009 .9812 .0008
.9840 -0005 .9896 -0001
-9902 -0010 .9938 -0010



(=]

. . ) . . e

OO0 00O00O W

.

WNMFHOWOWONOAUWMRWN M

P e e

(o]

QOO0 OOCOOOOOCOOOWN

LWNHROOVCOO~NOUBEEWNDE

o ped ped ped

116

TABLE 6.1.11a

G(U): (a,b), v =4, p,z = 10

— 2 ~2

B," = .25 B =1
) F,0)-G(0) G F,(0)-G(0)
.0292 .0000 .0318 .0018
.0986  -.0001 .1094 -0027
2845 -.0003 3154 .0010
4698 -.0005 .5136 -.0012
16236 -0000 .6707 -.0016
7411 -.0001 .7837 -.0012
.8253  -.0012 .8616 -.0015
.8840  ~.0007 .9130 -.0008
19234 -0009 -9461 -0006
19504 -0005 19678 -.0003
.9687  =.0011 .9805 -.0010
.9800  -.0005 .9883 -.0004
9866 .0011 29930 -0006
-9916 -0006 .9952 -0010

TABLE 6.1.11b

GU): (a,b), v =4, 52 =10
~2 ~ 2
B, = .25 5, =1

G F, () -G(0) G0 F,)-C0)
0293 -.0001 .0344 -.0008
.0989  -.0004 1143 -.0022
2849 -.0006 .3206 -.0042
4700 -.0007 .5162 -.0038
6237 -.0000 16703 -.0012
7411 -.0006 .7825 -0001
.8251  -.0011 5596 -0004
.8829 -0003 19119 -0004
19233 -0011 L9449 .0018
-9502 -0006 -9659 -0016
.9686  -.0010 19791 .0005
19799 -.0004 .9866 .0013
.9865 .0011 .9918 .0018
-9915 -0006 .9951 .0011
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TABLE 6.1.12a

GU): (a,b), v=75, '@2 = 10

-2 _ -2

Bl = .25 81 1
G(U) FZ(U)-G(U) G(U) FZ(U)-G(U)
.0091 .0000 .0105 .0009
.0430 -,0001 .0506 .0021
.1700 -.0005 .2001 .0018
.3315 -.0005 .3834 -.0003
4894 -.0006 .5532 -.0019
.6247 -.0003 .6903 -.0022
.7326 -.0008 .7924 ~-.0021
.8134 -.0011 .8643 -.0020
.8721 -.0007 .9131 -.0012
.9130 .0008 L9445 .0008
.9420 .0005 .9653 .0008
.9625 -.0011 .9786 .0001
L9754 -.0006 .9869 .0003
.9840 .0003 .9920 .0009
.9891 .0007 .9961 -.0003
.9930 -.0002 .9978 -.0009

TABLE 6.1.12b
G(B): (a,b), v=75, MZ = 10

-2 -2

Bl = .25 Bl =1
G(U) F2(U)-G(U) G(U) FZ(U)-G(U)
.0092 -.0001 .0018 -.0004
L0432 -.0002 .0543 -.0016
.1703 -.0008 .2061 -.0041
.3318 -.0008 .3880 -.0048
.4895 -.0008 .5550 -.0038
.6247 -.0003 .6898 -.0016
.7326 -.0008 .7896 .0006
.8132 -.0010 .8611 .0012
.8719 -.0005 .9100 .0019
.9129 .0009 L9426 .0027
.9419 .0006 .9638 .0023
9624 -.0010 .9782 .0005
.9753 -.0005 .9866 .0005
.9830 .0013 .9918 .0011
.9891 .0007 .9951 .0007
.9930 -.0001 .9963 .0005
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6.2 Tabulations of the Exact Finite
Sample Distribution Function
Associated With )

In this section we present tabulations of FS(U), F3(U), and

F3(U)-F3(U) for v=0, 1, 2, 3, 4, 5, '512 =0, .25, 1, and §° = 10
where the tabulations are carried out according to (4.2.2) and (5.2.10)
Tables 6.2.1 - 6.2.6). We tabulate FB(U) and F3(U)-FS(U) at in-
tervals of U of xz.gg(m)/lo for v=0, 1, 2, 3, 4, 5, '512 =0, .25,
.81, m = 10, and p> = 10 according to (4.2.1) and (4.2.2) (Tables
6.2.7 -~ 6.2.8) for purpose of comparison with the results obtained
by the aforementioned method. For all values of v, Elz, m, Ez, and
U which were investigated the computation employing (5.2.10) was
significantly faster than that making use of (4.2.1) although the
use of (5.2.10) excludes terms of order greater than one in L-z so
the latter computational method may be preferred for reason of
accuracy for smaller ;?‘s. In particular, notice the computational
problem in Table 6.2.6 for 612 = 1 when E? = 10.

From (5.2.11) we obtained that the extreme values of F3(U)-FS(U)
are the solution of a quadratic (linear if Elz = 0) equation. In
Table 6.2.9 we present tabulations of FB(U*)JF3(U*) where U% is a
member of the set of the values of U solving the aforementioned
quadratic (linear if Elz = 0) equation. The tabulations are made
for v=20, 1, 2, 3, 4, 5, —Blz =0, .25, 1, and [;2 = 10. Values of
F3(U*)4§3(U*) for other values of E? are obtained by multiplying

the computed values by 10/3?.
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If, in a given application, we have specified that we use
F (U) to approx1mate F (U) only if | F (v)- F ¢)) ] <eg, € >0, and

having estimated Bl by 612 and u2 by pz we obtain that | F (Uu*x) -

~

F (U*) | 2 ¢, we may compute F (U) for v, m, B and pz. Whether

1 3
we use a computed F3(U) or use F3(U) as an approximation, the selected

distribution function is then employed in tests of hypotheses in=-

volving w;q-
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6.3 Tabulations of the Exact Finite
Sample Distribution Function
Associated with !4

In this section we present tabulations of E;(U), FA(U)’ and

F4(U)-§4(U) for v=0, 1, 2, 3, 4, 5, '3'12 =0, .25, 1, and p? = 10
where the tabulations are carried out according to (4.3.2) and
(5.3.17) (Tables 6.3.1 - 6.,3.6). The computation described above
is considerably faster than a similar computation which has been
evaluated for a few values of v, m, Elz, E?, and U and makes use of
(4.3.1) and (4.3.2) although the use of (5.3.17) excludes terms of
order greater than one in E-Z so the latter computational method
may be preferred for reason of accuracy for smaller ;?'s. In
particular, notice the computational problem in Table 6.3.6 for
512 = 1 when p2 = 10.

From (5.2.18) we obtained that the extreme values of F4(U)-
EZ(U) are the solution of a quadratic (linear if 512 = 0) equation.
In Table 6.3.7 we present tabulations of F4(U*)—§;(U*) where U* is
a member of the set of the values of U solving the aforementioned
quadratic (linear if Elz = 0) equation. The tabulations are made
for v=0, 1, 2, 3, 4, 5, '612 =0, .25, 1, and ;2 = 10. Values of
Fa(U*)JFA(U*) for other values of E? are obtained by multiplying
the computed values by 10/;2.

If, in a given application, we have specified that we use

4(U) to approx1mate F (U) only if | FQ(U)-F4(U) | <e, €>0, and
having estimated Bl by Bl and u2 by pz we obtain that | F (U*) -

~ A

FQ(U*) | 2 ¢, we may compute FQ(U) for v, m, Blz, and pz. Whether
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we use a computed FA(U) or use FZ(U) as an approximation, the selected
distribution function is then employed in tests of hypotheses in-

volving Wyq°
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APPENDIX

MATHEMATICAL APPENDIX ON SPECIAL FUNCTIONS

This appendix consists of a few of the definitions and theorems
from special function theory which have been found to be of value
in the course of deriving and tabulating exact finite sample dis-
tribution functions. 1In the case of established definitions and
theorems the sources are cited, whereas the proofs of original
theorems are given.

The factorial function, (aOn, (Rainville, 1960, p. 22) is defined

by
n
A @ = [] (@+x-1 , nz1
k=1
(d)o = 1, o # 0.

If o is neither zero nor a negative integer (Rainville, 1960, p. 23),

(A.2) (oz)n = (o + n)/T(x).

Legendre's duplication formula (Rainville, 1960, p. 24) is given by

2z

(4.3) J 7 T22) = 2227  1(2) Tz + -;—)
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The generalized hypergeometric function (Rainville, 1960, p. 73)

is defined by

Qs Uys woes ap;

BB 5Fq | by By ees B

where no denominator parameter, Bj’ may be zero or a negative in-
teger and if any numerator parameter, @ is zero or a negative
integer, the series terminates. Furthermore,
(a) If p =q, the series converges for all finite z;
(b) If p =4q+ 1, the series converges for |z| < 1 and diverges
for |z| > 1;
(¢) If p >q+ 1, the series diverges for z # O.
If the series terminates, there is no question of convergence,
and (b) and (c¢) do not apply. If p

+ 1 the series is absolutely

=q

p

convergent for z = + 1 if z Z
J=1 i=1

A

For p =2 and q 21 a slightly modified notation will be used,

e.g.

1Fo (a,; = ; 2) = 1F0 z .

If c-a~b > 0 and if c is neither zero nor a negative integer

then (Rainville, 1960, p. 49)

T(c)T(c~a=b)
T'(c~=a)T(c~b)

(A.5) (a b; ¢c; 1) =

2
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The ordinary binomial expansion (Rainville, 1960, p. 58) is given

by

(A.6) (1 -2)"2= Fo (a5 = 5 2).

We have (Rainville, 1960, p. 58)

(A.7a=b) (@) = (-1)(@) /(1-a=n),
0=k =n
(n-k)! = (-1)k nl/(-n)k

0=k =n
We obtain the following theorems (Luke, 1969, Vol. I, p. 99):

(A.8) ,F, (-n, b; ¢; 1) = (c-b)n/(C)n

where n is zero or a positive integer,

(A.9) 2F1 (-n, nhr; c; 1) = (-l)n(1+}\~—c)n/(c)n

where n is zero or a positive integer, and when ¢ is a negative

integer or zero, ¢ = -m, with m > n, then Vandermonde's theorem is

given by



n (--n)k(b)k (m=n) !(m—i-b+1--n)n

(a.10) ), m, & e
-0

We have (Luke, 1969, Vol. II, pp.64,65)

Oys Tps @5 seey O3

P
(A.11) p+2Fq+1 z| =
6: pl: LICICNY pq;
o (6-0,)_(6=0,) () (@)
2 %1’n cr2nc'[1n'°'%an.g_r_l_
1
L TT® G, - G, a’
01+02-6, oz1+n, ey ap+n;
p+1Fq z
pl+n, eeey pq-i-n;
p<q orp=4qand |z| <1,
01> Ogs Qs +eey ap;
(A.12) p+2Fq+1 4 =
6’ pl’ LA ] pq;
o (oy+0,-8) (@) ()
z 0179 n(aln"' apn . g_l:‘_
]
% (pl)n “oe (pq)n .
6-01, 6-0'2, cvl+n, e, ap+n;
. F z
p+2 g+l .
5, pl+n, essy pq+n,

161



(A.13)

Notice that Kummer's first formula (Rainville, 1960, p. 125) is a

special case of (A.13).

p<qorp=gqand |z| <1, and

o+6, al, ey Qb;
p+1Fq+1 5 o : z
5 Pys o cees q’
[oe]
Z (011)n ((.vp)n -z_n-
(py)  -o. (p) n!
n=0 }'n q'n
- O, al+n, PN 0b+n;
p+1Fq+1
5, p1+n, coes Dq+n;

p =q orp =g+l and |z]| < %

and |z/(1-z)| <1

(A.14)

2F1 (a, b; ¢c; z) = (1-2)“'a

We have (Bateman, 1953, Vol. 1, p. 283)

(A.15)

1F1 (a; b; xy) =

oFq

(a, c=b; c; =-z/(1-2)).
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Also, (Rainville, 1960, p. 60), if |z| <1



®) ' o ' 1 1 (at+n; btn; x) and
R !

(A.16) 1Fy (@5 b; xy) =

@

z (é) (1-y ) 1

n=0

Also (Bateman, 1953, Vol. 1, p. 288)

(a) (b'-a') n

(A.17) ] * Z. ¢ F. (atn; bin; x-
z () (1 _ nr o 1Fp (& o x-2)
n=0
> (b-a)_(a") n
[ t . - _._____._____n n * .z_._
Tify @ bims ) = EE () (D !
=O n n
. 1 1 (a; b+n; x) - 1 1 (a'+n; b'+n; y-z)

We have (Barnes, 1907, p. 62) for x > 0,

q p
zpi‘E% Gy eney O]

o ex =1 i=1 1 P
(A.18) 1lim e © X F X

o P4
p1, seey pq;

q P
TT ree/ TT reep
i=1 i=1

(a+n, b; x) if y ><% .
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and (Luke, 1969, Vol. I, p. 128)

C b x) & KB _y-a
(A.19) 1F1 (a; b; x) T(b-a) (~x)
_____ -1 I'(b) x _a=b
. 2FO (a, l+a-b; 3 =X ) + T(a) e’ x

- . -1
. 2F0 (b=a, 1=a; - ; x ) .

One of the second order confluent hypergeometric functions

22(q5 o'; v; x, y) (Bateman, 1953, Vol. 1, p. 225) is defined by

ey §OT @ r e
(A.20) 3, (@, a'; v; %, ¥) = L Y Tl 5!
r=0 s=0 r+s

@z(a, a'; v; x, y) can be written (Humbert, 1921, p. 76) as

«©

, (-X)r . (O!)r(‘-'l")r
(A-21) ] (Q" a5 Y X, y) = 1 T
2 zo r. (v) (y-a')

. . Sy . R ' . .
1F1 (ctr; vy=a'+r; x) 1F1 (o'+r; wr; y)
When k > 0, the following theorem holds:
o

(A.22) 1im X e * Qz(a, a'; otd; x, -kx) =
X -0
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—ﬁ———)-rl,‘(*;f (1) "¢

Proof: By (A.21),
. 6 ~x '
lim x e éz(a, o'y otd; x, ~kx) =
X0
- (o) (") r
lim xb e L L2 - * i:¥l—
x40 (ot6) (artb-a') r!
r=0
. 1F1 (obr; otb~a'+r; x)
1F1 (a'+r; otdtr; =kx)
which, by (A.19) equals
1]
1ip Lleté-a) o (@, (-x)'r
x4 (o) = (a+6)r r!
. 1F1 (o'+r; otbtr; -kx)
and by (A.15) this equals
. T(otb=o' o'
lim x F., (o'; otb; - (14+k)x)
- (o) i1

which, by (A.19), equals



. D(otbé-o') . o' . _T(o#8) ~a'
iiz I'(o) x T(atb-a') [(1+k)x] =
T(od . -

T Q.E.D.

We have that

- <a> ®_ (B, T s
(A.23) Z Z (6) T aT -
r=0 s=0
(v-0) (y-B) ~ F
L, o, T yy(akp-y, B'; &5 x, y)

Proof: By (A.l11),

o=

zi (a)(B)(B) :Z-s' )

X
r! =
r=0 s=0 +S
¥ (B' s. ¥ 7 (v-a) (B, | E
. (5‘*3) t!
s=0 £=0
(oB-v) 4
(&+t+s) FE
q=0

(y-0) (y-B),  ,t
(v, @), £

b

Ix
L1

Z (+8-¥) (B, 4

t=0

CONEEEY

l’l)r~<m
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which, by (A.20), equals

i (v-0) (v=B), = _t

t
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£ - ', )
(6)t er 2p(oB-v, B'; &5 x, y) Q.E.D.
We define one of the third order confluent hypergeometric functions

(o, 'y o"'; v; %, vy, 2) as

(A.24) @3 (o, @', @''; v; %, 9, 2) =

IX
[o
[N

°°°°°°a>(a)<a) r
YY) '

r=0 s=0 t=0 Vrrste

=
.-
wn
.-
t
.-

The following integral representations are introduced in order to

derive the expansions for ég (a, @', a""; v; %, ¥, 2) corresponding

to (A.21):

(A.25 a=c) 1Fl (a; b; x) =

1
T(b ! Xu a-1 b-a=-1
Tt 1, ¢ as ot

8y(a, @' 5 %, y) =

1 1
r'y) r~r xutyv a1 a'-1
T()T(a" )T (y=a~a') loe u v

- - ’-
(l-u-v).Y a-o' =1 du dv
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3
& (o, o'y o' v; %, 5, 2) =

T(y) [ felrt xutyview
T()T(a")T(a' )T (y-a~a'=a'")

ua-l va'-l wa"-l Y-a~q'-a' =1

(1-u=v-w) du dv dw

The three integral representations above may be verified by writing
a series expression for the exponential term each time u, v, or w
appears in an exponent and performing the indicated integration.
The method of proof in the following theorem is a generalization of
a proof of (A.21) using (A.25 a,b) rather than the method indicated

in Humbert's paper (Humbert, 1921, p. 76).

(A.26) @2 (Q, a', Q"; Y X5, ¥, z) =

A N (@) (o) (@) (y=a'")

P

r=0 s=0

(
r

T
g

T gl ] PN N i
© 8. L. () e Y= ) ')y

. 1F1 (obr+s; y-o'=o' "+r+s; %)

. 1 1 (o'+r+t; y=o' '4rt; y)

" 15 (o' "+s5+t; vr+s+t; z)
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Proof: From (A.25¢c) and the following transformation:

w=p
v = n(l-p)
u = m(1l-n)(1-p)

. 3
we can write @2 (o, @', @''; v; %X, ¥y, 2) =

T(Y) [ r-r 1 XY NHZp
T(AT ()T (" )T (Y=o’ =" ") JO JO JO

LI LI I - [N I SEP B I
ma-l n® 1 pa 1 (1_m)Y o~ =o' =1 (l-n)y o'’ =1

- "- - - - -
C(1epy V¥ L rn(depxmepxmeynp g g gy

Introducing a series expansion for the exponential term corresponding

to each of the exponents =-n(l-p)xm, - pxm, and -ynp we then have

o]
i1

2 Z 0™ L et r(y)
r! s! L T()T(a")T(a' T (y=o~a'=a' ")
s=0 t=0

r 1
"0

- __l_ll_
exm ma+r+s 1 (1~m)y = = 1 dm

3

1 1] - vy meyl V.
. r QYD o Frit 1 (1-n) V"% = L in

0

1 1 - S I SR
r oZP pa +s+t=1 (1-p)Y o' '+r-1 dp

[

From (A.25a) and (A.2) this reduces to
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i i i C S € L (a)r+s(a')r+t(a")s-!-t(Y_a”)r
r=0 s=0 t=0 oo e (Y)r+s+t(Y-a'~a")r+s(y'a")r+t
© Fy (otrds; y-o'-o' 4ris; x)

“4F (a'+r+t; y-o''+r+t; y)

©4Fq (o' "+s+t; vrres+t; z) Q.E.D.

. . 3 .
An alternative expansion of éz(a, o', «''; v; x, y, z) is given by

3
(A.27) & (o, o', @''5 v; %, 5, 2) =

i ig-xzs . (-z)t . (a)s+t(a')s(a”)t

1 ! -
S. t. (Y)s-f-t(y a)s+t

. 1F1 (ots+t; vhs+t; x)

© 8, (a'+s, o'+t y-akstt; y, 2z)

Proof: From (A.25c) and the following transformation:

u=m
v = n(l-m)
w = p(l-m)

we can write @2 (o, o', @'"'; v; %X, 9, 2) =
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1
(Y r xm o=l o y=o-l
M@ (@ I (v-aea ) 4, ¢ ™ O™ dm
r\ 1r 1 yI’H'Zp al_l Q"‘l 'Y"Q"O('-Q/”"l
e n P (1-n-p)
00
oY =mpZ dp

Introducing a series expansion for the exponential term correspond-

ing to each of the exponents =-mny and -mpz we have

Z ) O ()
s! t! (AT (") T(a" T (y=a-a'=-a'")
s=0 t=0
a1
. J exm ma+s+t-1 (1_m)y-a-1 dm
0
R |

—

1 — e - vy sl b
Qyntzp o +s-1 pa +t l(l-n-p)Y o~ ~a '-1

dn dp

From (A.25 a,b) and (A.2) this reduces to

s. t. (v )S+t(v-00

2 Zg-zzs .=t () gy (@) (oz")t
s=0 t=0

1 1 (abs+t; yhs+t; x)

@2 (a'+s, o' '+t; y~abstt; y, 2) Q.E.D.

When k > 0 the following theorem holds:

(A.28) lim e " xé é% (o, o', a''; ord; x, -kx, -kx)
o



X0

£§%§§l (141) "

By (A.26),

-x & 3

lim e X (o, o', @' ob; %, =kx, -kx)
X0

* = ® r+s t
ot 55T T
r=0 s=0 t=0
1y ot
. (@) s (@) (@) (o= )
T ot
(k) 4 qplorbma’=a't) (arb=a"")

F. (otr+s; otd-a'-o' '+r+s; x)

11

. 1 1 (a'+r+t; otd-o' '+r+t; - kx)

©F (o' "+s+t; orbtrs+t; -kx)

which, by (A.19), equals

S
Yot (@4

(a')_(a' g

@
11m e x }i

r=0 s

i
Pp~Js
l
4]

© 4 (tr+s; atbd-a'=a' '+r+s; x)

. 1 1 (a'+r; obb=-o''+r; -kx)

(Q+6)r+s(a+5’a ~@'") s
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. lFl (a''+s; atbtr+s; ~kx)

and by (A.19) this equals

173

(a')r
(ok6)

C

(oﬁ-fﬁ-r)s

(')

(atd)

) (wé_al_all)r(ail)r

[0 0]
lim Xcr'+a" . D(etd=a'=a'") 2 g-xzr
% o () T,
r=0
o (-x)°
: 1F1 (a'+1r; obb-o''4+r; -kx) z o7
s=0
. 1F1 (' '+s; obtrts; ~kx)
which, by (A.15), equals
[oe]
1im 5 Fe L Hetbata ) 2 [E5H
oo () r!
r=0
. 1F1 (a'+1r; otb=-a''+r; =kx)
. 1F1 (o''; obtr; - (1+k)x)
and by (A.17) this equals
[00]
lim xcx'+oz"  T(atb-o'=a'") z (--x)r
w0 (o) r!

(o+b-a' ')I_(cH-f))r
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. 1F1 (a'; otd~-o' '+r; - (1+k)x)

(o' '+r; otdtr; -kx)

"1

which, by (A.19), equals

174

o'’ - T(otb=c'’ > -x r (Q’”)r
%1m X (14k) —L—any——l E: ile— )
X0 r
r=0
. 1F1 (o' '+1; otbbr; ~kx)
and by (A.15) this equals
a'! ~o' . T(aé-a'') ;
lim =x (1+k) - F. (o'’ o485 - (1+k)x)
o) 11
X
which, by (A.19), equals
N R
Llotb) - g 4 gy"@ 7@ Q.E.D.

(o)

We have that

(@) (") (a'") (B (8 (8'"),

@) ) ) ) mera

r+s+t

¥'=8") (v -p' )

i i i(v-a)rw'-a')scv"-a")tw-a)r(

(N (v v (®) i ort
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r s t
. XY 3
;'s'z' &, (oB=vy, a'+8'=v', o' "+B"'=-vy'"; G+rts+t; X,y,2)

Proof: The expansion follows directly by application of (A.11) to
each of the three series in turn and then by use of the definition

(A.24). Q.E.D.

While no present application of the following generalization is
made it is introduced for completeness and it is seen that (A.21)

and (A.27) are special cases of (A.32). We define one of the kth

order confluent hypergeometric functions g; (al, seey O 5 N3
29

z{'_l' e e X— as
(A.30) @k (o . 3OV Koy eeey X ) =
. 2 1’ o0 oy Qk: ? 1: b k
t t
© (a.) oo () 1 ok
L 1 t1 Ozk tk . X1 .o Xy
v) S
"~ _ t, + ... + t 1 k
tl—O tk—O 1 k
Notice that 8> (a.; vi x.) = .F. (o5 v x.) and 8> (., 0. V3
otice a 92 al’ Y) 1 - 1 1 Q’].’ Y’ 1 a -2 al’ 2’ .Y’

X éz (al, o3 V3 xl, xz). The following integral repre-

X5 X)) =

. k A
sentation for §2 (al, e 045 Y5 X ceey xk) may be verified by

13

writing a series expression for the exponential term each time

u u_ appears in an exponent and performing the indicated

17 e Yy

integration.

k
(A.31) éz (05 vees s Vs Xys ees xk) =
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(y) r.": exlul + ...+ xkuk
F(al) e T(ak)l(v-al- .o —ak) 0 ‘0

o, =1 o =1

1 k Y=o, = ... = @ ~1
s Uy e U (1 - u cen uk) 1 %

- du, ... du

The following theorem is valid for k = 2:

_k
(A.32) g, (al, e 03 Y5 Kpy eees xk) =
© 1 Pr-1
z 2 (-xl) . (-}‘k_l)
1 1
Py © Prel
P1=0 P y=0

R UG T,
(v)

SR W | (Y'Qk)pl+ e Py

k-1 . .
. éz (011+p1, .o Clk_1+pk_1, 2% ak+p1+ ‘e +pk_1, Xl, ey Xk-l)

1 ) .
. Qz (Qk'*'pl-i' e +pk_1, 'Y+p1+ I +pk-1, Xk)

Proof: From (A.31) and the following transformation:

u; = rl(l-rk)



177

uk_1 = rk_l(l—rk)
Yk T Tk
el 'te "k ( ot X ) —
we can wri G R T L ST Xk =
- ~ 1 .1 = + ... {
() | R P11
‘(al) .. i(ak)ﬁ(v-al- -&k) 0 0
w, =1 & -1 N, T
1 k=1 ey - - -1 k k
r1 r,h_1 (1 rl 1}-1) 1 k
o, =1 Yoy =1 - T.r - 3, r T,
, K (1-1.) e 1 1k k=1 k=-1"k dr dr
K i 1 k

Introducing a series expansion for the exponential term corresponding

to each of the exponents =-x we have

ll'll’k, “e ey -X‘K-'lrk"lrk

el oo pl pk"l
Z z ('-‘-1) (-:\k_l)
P+ ... P !
= = 1 k-1
P=0 P70
. ()
r(Crl) “ .. "(ak)'(v-gl- . -’lk>
11 e:-:1r1+ “e +xk_1rk_1 rg1+p1—1 ) Qk-1+9k-1'1
0o 0 1 k-1

Ve, ... e, -
/ al Qk 1

'(l-r]- ves =T dr. ... dr
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.1 r P+ ... 4p, -1
. exk ko %Py N A

00 k k k

Fror~ (A.31) and (A.2) this reduces to

) P1 Pr-1
. z ('Xl) .o (-::{k_l)

1

Pyt oo Pp_qe

)

p170 Py

@
"o

=0

(crl)Pl . (o'k_l)p

() (v=)
Pyt ... +pk_1 Qk p1+ .o +pk_1

()
1 J? p1+ . +pk—l

k-

1

K
2

T

-1
b (al+p1, ceny jk-1+pk—1’ .~0k+p1+ ce +pk_1, Xps oeees Ak_l)

I 1 - - -
i (ak+p1+ cen +pk_1, V+p1+ cen +pk-l’ xk) Q.E.D.

The following theorem is valid for k > O:

- =BT - Y
(A.33) 1lim e R +ompy

X j=0 q=0

1

(e

E: 53 . g-kx)q
1
it q!

oo

(). () (D, gy )
B T Rearess (0™
BRI A LA
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Proof: By (A.2), (A.11), and (A.20) we have

lim X xB'F0-BY ji zi ﬁi‘ ) ('EXli . (Bzi(Yzi(Qoq -
o j=0 q=0 o q' (88544
- 1 ®© (B'"B)(B'—Y) j
lim e xs +6-8-v 1 i . ﬁT
X 2 (B )j (6)j it

j=0

CB (BHy-B', o AHI; x, -kx)

which by (A.5) and (A.22) equals

NEIINED) -
(N T(8) (14k) Q.E.D.

The incomplete beta function is defined by

(A.34) IB[a,b;x] = ¢! (l"t)b-1 dt

The beta function is defined by

1
r - -

(A.35) B(a,b) = | t° LeyP b e
N

We have, (Bateman, 1953, Vol. 1, p. 87) and (A.11),
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a a, l-b;
X
(A.36 a-b) IB[a, b; x| = . 2F1 x
1+a;
for |x| =1
a b 1, atb;
1 [a, b, x| = E_illﬁl_ F x
B a 21
1+a;

for }w] -1

Also, (Bateman, 1953, Vol. 1, p. 9)

(A.37) B(a,b) = —a(b)

T(at+b)
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